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Abstract

Inference scaling methods for LLMs often rely on decomposing problems into
steps (or groups of tokens), followed by sampling and selecting the best next
steps. However, these steps and their sizes are often predetermined or manually
designed based on domain knowledge. We propose dynamic decomposition, a
method that adaptively and automatically partitions solution and reasoning traces
into manageable steps during inference. By more effectively allocating com-
pute — particularly through subdividing challenging steps and prioritizing their
sampling — dynamic decomposition significantly improves inference efficiency. Ex-
periments on benchmarks such as APPS, MATH, and LiveCodeBench demonstrate
that dynamic decomposition outperforms static approaches, including token-level,
sentence-level, and single-step decompositions, reducing the pass@ 10 error rate
by 5.0%, 6.7%, and 10.5% respectively. These findings highlight the potential of
dynamic decomposition to improve a wide range of inference scaling techniques.

1 Introduction

Scaling inference efficiency remains a fundamental challenge for large language models (LLMs).
Many existing approaches improve inference by decomposing problems into smaller steps and
systematically exploring different solutions [} [2, 3] 4} |5} |6} [7, 18l |9, [10]. Some decomposition
methods often rely on domain-specific heuristics and hand-crafted rules [[11} [12} [13]. However,
manually partitioning problems or designing task-specific heuristics is costly and lacks generalization.
Moreover, identifying critical steps for an LLM can be non-trivial for humans. LLMs may assign
importance to seemingly trivial words (e.g., therefore or which), which, while counterintuitive to
humans, play a crucial role in autoregressive generation [[14]. Other approaches employ fixed, uniform
step sizes, such as token- or sentence-level decomposition [[1}[15]. All these methods rely on static
decomposition strategies, where step sizes are predefined or determined via heuristics. Such rigidity
risks overusing compute on steps that are easy for the LLM (but potentially difficult for humans)
while undersampling more challenging steps.

To overcome these limitations, we propose DISC (Dynamic decomposition Improves Scaling
Compute), a recursive inference algorithm that dynamically partitions solution steps based on diffi-
culty. Unlike prior methods, DISC adapts decomposition granularity during inference based on
both the available budget and problem complexity, ensuring finer granularity for more difficult steps.
By leveraging the autoregressive nature of LLMs, DISC efficiently locates difficult steps through
dynamically proposing step sizes, focusing compute on challenging regions rather than wasting
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/ Prompt: How far does a train with speed 60 mpg travel in 3.5 hours? \

Single step generation Entire generation is a single step
The train travels at 60 mph. \n In 3.5 hours, the distance it travels is:\n 60miles/hourx3.5hours=210miles.

0
Token level decomposition Y Each token is a step
The train travels at 60 mph. \n In 3.5 hours, the distance it travels is:\n 60miles/hourx3.5hours=210miles.
yo yl y2 .. . Y19 y20 y21
Sentence level decomposition Period or newline character marks end of step

The train travels at 60 mph. \n In 3.5 hours, the distance it travels is:\n 6Omiles/hourx3.5hours=210miles.

L}
yo y1 y2
Dynamic decomposition Dynamically adjusted steps and step sizes
The train travels at 60 mph. \n In 3.5 hours, the distance it travels is:\n 60miles/hourx3.5hours=210miles.
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Figure 1: Comparison of automatic decomposition strategies based on step size. Coarser steps
accelerate the search process but risk skipping over optimal solutions and committing to suboptimal
prefixes. In contrast, finer steps ensure more precise decisions but lead to slower search. A dynamic
strategy that adapts step size based on LLLM feedback offers a balanced approach, combining the
efficiency of coarse steps with the precision of fine-grained decomposition.

resources on trivial steps. DISC is generalizable, requires no human supervision, domain-specific
heuristics, prompt engineering, or process annotations, and is easily parallelizable, making it widely
applicable across tasks. Furthermore, DISC is plug-and-play with off-the-shelf search algorithms
and can be naturally integrated with greedy, beam, or Monte Carlo Tree Search.

Our main contributions are:

* We introduce DISC, a method for dynamically adjusting step sizes and decomposing solutions
during inference without human supervision, domain-specific heuristics, or process reward models.

* We demonstrate how DISC integrates decomposition directly into inference-time search, allocating
compute more effectively toward high-potential solution prefixes.

* We show that DISC improves inference scaling in terms of both sample efficiency, token efficiency,
and runtime, achieving up to 10% reduction in error relative to the baselines and up to 4x increase
in accuracy over the base model, with just 10 samples, including with reasoning models.

* We provide both empirical and theoretical insights into LLM reasoning, including identifying
critical intermediate steps and analysis of how DISC helps discover optimal solutions.

2 Preliminaries

2.1 Problem Setting

We consider a reasoning and code generation setting where we are given: a dataset X = {w(i)}ij\il,
a pretrained, autoregressive LLM 7 that generates solutions y € ), and a reward model R :
X - Y — [0,1] that evaluates the generated solutions. The goal is to find inputs to the LLM that
produce solutions with high reward. This setting includes program synthesis, where correctness is
verified using ground-truth tests [[16} 17, and mathematical reasoning, where solutions are validated
numerically [18} [19]. The reward model can be a ground-truth verifier, a trained heuristic [20],
self-consistency [21], or an LLM-as-a-judge [22] and because our focus is on decomposition rather
than verification, we use the ground-truth reward model where available.

We use the following hierarchical token notation: y is a token, p is a prefix that starts at the prompt
and concatenates multiple steps, s is a suffix that concatenates multiple steps and ends with the EOS
token, and y is a complete solution that starts at the prompt, concatenates multiple steps, and ends at
the end of sequence token EOS. We denote a concatenation of two tokens or token sequences with -,
e.g. p - s is the concatenation of prefix p and suffix s to form a complete solution y. We denote the
sampled suffix from prefix p using the LLM policy as: s ~ 7(-|p). We denote an optimal solution
with y* and an optimal suffix as s*, where there exist multiple optimal solutions. For our analysis,



we use the convention that 7(s*|p) = 0 if there does not exist a completion s* such that p - s* is
optimal. The size of a string |y|, refers to its length in tokens or characters.

2.2 Existing Decomposition Methods

Single-step generation. In a single-step generation, the entire solution is generated in one pass from
the prompt to the EOS token, treating it as a single action. This approach underlies the widely used
inference scaling method best of n (BoN) [[19, 23] 15 24], where n complete solutions are sampled,
and the highest-scoring one is selected. Single-step generation also plays a role in alignment and
fine-tuning methods such as DPO [25] and RLOO [26].

Token-level decomposition. At the opposite end of the spectrum, token-level decomposition treats
each atomic token as an individual step. While this approach dramatically increases search complexity,
it enables fine-grained search that can yield higher performance gains given sufficient compute [1].

Newline and sentence-level decomposition. A commonly used decomposition method segments
LLM generations into sentences or lines based on delimiters such as periods or newlines [27, [1} [11].
Typically, each newline corresponds to a new paragraph, equation, or line of code, which often
encapsulates a distinct reasoning step.

Challenge: Automatic and scalable decomposition

Existing decomposition methods are static and manually designed, resulting in either slow
convergence to good performance or fast convergence to poor performance. We propose
adaptive decomposition for fast convergence to a good performance.

2.3 Search for Inference Scaling

We differentiate between decomposition and search, where decomposition controls the number of
steps between new branches and search is the process of selecting which branch to explore. In other
words, decomposition is the construction of nodes and edges, and search is a process that occurs on
that structure. In this work, we propose a decomposition method that is plug-and-play with different
search methods. In our experimental results in Sec. .} we compare decomposition methods: token-
level decomposition, sentence-level decomposition, and DISC with the search methods: greedy,
beam [28], and Monte Carlo Tree Search [} [29]. Implementation details are provided in App. [F}

3 Methodology
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cally decompose reasoning steps, adjust step sizes, and
allocate sampling compute. In Sec. [3.2} we present DISC
paired with a greedy search strategy, shown in Alg. [I]and
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3.1 High-level Overview »x

At a high level, DISC with Greedy Search advances a Low probabiliy N High probability
base prefix p, forward by iteratively concatenating promis- 2 Sampling prefix /
ing steps to it. The core intuition is to dynamically allo-

cate compute by adjusting the step size: if a prefix shows Figure 2: Multiple iterations of Alg.
promising reward improvement, we take a large step for-  pygc dynamically refines its step sizes
ward; if not, we contract the step and concentrate sampling  ,¢rogs iterations, advancing and contracting
around that prefix. This adaptive behavior focuses the he prefix at which it samples from.

LLM’s effort on regions of the search space that are more

likely to yield high-reward completions.

Fig[3]illustrates a single iteration of this decision process, where a candidate prefix is either accepted
and extended or rejected and contracted. Over multiple iterations, this process yields a full solution
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Figure 3: DISC with Greedy Search. One iteration of Alg.[T} We start with a base prefix A and a
candidate prefix B. We compare the sample statistics of each by evaluating a scoring function (e.g.,
z-score). If the candidate prefix B demonstrates a higher likelihood of reward improvement compared
to continuing from base prefix A, we accept B, commit it as the new base, and extend the candidate
to a further step (e.g., BD) on the best sampled solution. If B is not better, we reject it and propose a
shorter candidate (e.g., AC), contracting the step size. This process repeats until a new candidate is
accepted or all options are exhausted. The algorithm thus adaptively advances or contracts the step
size and search horizon based on the relative quality of completions from each prefix.

composed of several such accepted steps. Fig[2]shows how the prefix is incrementally constructed: it
displays the number of steps DISC has committed to the prefix, and how the prefix used for sampling
dynamically changes over time. Together, these figures highlight the local step-wise decision-making
and the global trajectory of prefix refinement throughout the search.

Assumptions. DISC makes minimal, broadly applicable assumptions, enabling generality and ease
of deployment. It avoids handcrafted prompts, process-level reward models, and domain-specific
heuristics. Its only requirement is access to a scalar outcome reward model (ORM) to guide search. In
the absence of a ground-truth ORM, self-supervised signals—like LLM critiques or unit tests—serve
as effective substitutes 30431} 132]. It also assumes the underlying policy 7 can generate continuations
from any prefix p, a standard feature of decoder-only language models.

3.2 DISC with Greedy Search Algorithm

4 e )

We now describe Alg. [T} The algorithm takes as input an v Mox

LLM 7, a reward model R, prompt «, initial partition frac- ;
tion v, threshold o, and sample budget N. It initializes Samples— 1 | Area o -Zsscore
the base prefix as p, = x and sets o = . :

At each iteration, the algorithm samples 7 from p,, to gen- " Reward distribution for prefix]
erate completions y* = p, - s*, computing rewards R(y"). Mean
Sampling stops when the cumulative reward exceeds o y Max

M =min{m € Zso | >~ R(y") > o}. This balances
sample quantity and quality. The solutions and their re-
wards are stored in Y, and the best suffix s* and z-score
are computed.

Reward distribution for prefix 2
A candidate prefix p,, is then formed by appending the first \ /
o fraction (token-wise) of s* to p,. It is accepted if its o
reward z-score z. is lower than the current z,. Assuming Figure 4: Reward cpstrlbutlon of rollouts
rewards follow a location-scale family distribution (e.g., sampled from two different prefixes. The
Gaussian), a lower z-score implies a higher probability ~Probability of sampling a higher rollout from
of improvement, since Pr(R > maxge She (R(s)) =1— prefix 2 is higher than that of prefix 1.
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CDF(z,.) where CDF is the cumulative distribution function. Fig. E] displays how we can estimate
the probability of improvement from a reward distribution. A location-scale distribution of rewards is

supported empirically (see App. [C.5).

If the candidate is accepted, the algorithm updates the base prefix p, < p., resets @ = ap, and
updates the base z-score and best suffix. If rejected, the partition fraction contracts: a < « - ayg.
This contraction implements DISC’s recursive refinement mechanism, focusing the search on more
promising regions. The process repeats until the sample budget is exhausted or a correct solution is
found.

3.3 Analysis of DISC with Greedy Search Algorithm 1 DISC with Greedy Search

DISC exhibits two important properties: (i) the Require: LLM 7, Reward model R, prompt z,

z-score decreases monotonically over the course initial partition fraction v, negative binomial
of algorithm iterations, and (ii) the best candi- threshold o, sample budget N -
date solution always has a higher reward than // initialize base prefix and current partition
the best base solution. We leverage these proper- fraction

ties, together with assumptions about the quality ~ 1: Pp = &, @ = ap,n =0 o

of , to establish the following result. We also /I compute base prefix statistics (_b)

develop a motivating theoretical example in App. DSy ={py 8" | ' ~ (P},

- maxsc s, (R(s)) —meansc s, (R(s))

2

3 Sscs, (R(s))
4: p, - sy = argmax g, R(s)
5

Theorem 1 (Optimality of DISC) Consider . while n < N do

Alg. |Il Suppose that for some problem x, the /I get candidate prefix (_c)
optimal solution is in the support of w(- | x). 6 P, = p, - split(s], ) -
Then at some n > 0, the base prefix contains /7 sample and cgmpute candidate prefix
EOS roken, the algorithm terminates, and this statistics (_c)
[ M

solution is an optimal solution. See App. [Glfor 7. S, ={p, s |s ~m(|p)}M,

proaf. ) _ maxses, (R(s))—meanses, (R(s))
TR Sdses, (F(s))

Remark 1 Our analysis is dependent on a 9: p. - 8p = argmax, g R(s)

strong policy assumption, which is "reverse en- 10: n<n+M

gineered" to be the weakest assumption on the /1 accept or reject the candidate prefix

policy such that our algorithm terminates at 11: if 2. < z or [s;| < 1 then

optimality. In other words, this assumption de- 12: Dy < D¢ Sp < S5,

pends on an instance-dependent property that 13: Q4= Q, 2p < Ze

must be checked empirically. The purpose of our 14 else

analysis is not to provide a universal guarantee, 15: Q< apQ

but rather to understand how adaptive decom- 16: end if

position method can control real-time inference 17: end while

compute without sacrificing optimality. 18: yield p, - s;

3.4 DISC for Plug-and-Play with Search
Algorithms

In the previous section, we presented DISC with greedy search as a complete algorithm. However,
the core of DISC is the decomposition that controls from which token prefixes to query the model
and dynamically adjusts step sizes, which can be plug-and-played with other search algorithms like
Beam search and MCTS. The DISC EXPANDNODE and MAKECHILDREN are presented in Alg. [3]
These methods are conceptually similar to the DISC with greedy search, except that in the general
search context, each node stores its own base prefix, and so when a node is expanded it computes
its candidate prefix from the suffix to that node instead of from the best existing suffix. During the
expansion operator, multiple sets of children are generated, but only the children from the final prefix
are kept for search.

3.5 Example Decomposition

Using a sampling budget of N = 100 LLM calls, the decomposition of a representative MATH
problem is shown below. Each step is enclosed in brackets and color-coded based on the z-score of



sampling a better suffix conditioned on the current prefix. Brighter colors indicate lower z-scores,
signaling higher importance.

DISC example decomposition

[ and the width of the rectangle be w. Since the
perimeter of the rectangle is 24 inches, we have that 2/ + 2w = 24, so [ + w = 12. We wish
to maximize the area of the rectangle, | [is A = lw. Letl = 12 — w and plug into
the area:

A= (12— w)w = A=12w — w?
Now, we differentiate A with respect to w:
Al(w) =12 — 2w
We wish to maximize A, so we set A’(w) = 0, and solve for w:
12 -2w=0= w==6

Since | = 12 — w, we have that [ = 12 — 6 = 6. Therefore, the area of the rectangle is

A=lw=6-6=[36] ]

\. J

DISC identifies the first step as highly important, which aligns with intuition—early reasoning forms
the foundation for all subsequent steps. In contrast, the final step, although large, is marked as low-
importance, indicating that DISC allocated minimal compute toward refining it. This suggests that
once earlier reasoning is fixed, there is limited opportunity for improvement in the final conclusion
using additional sampling. Interestingly, the third step, beginning with "which", is assigned high
importance and receives substantial attention from DISC. This step appears to act as a pivotal
decision point that shapes the direction of the remaining solution. This observation supports the idea
that certain tokens or sub-sequences function as critical reasoning forks or pivots—consistent with
findings from prior work [34].

Autoregressive models require autoregressive decomposition

While transition words such as ‘which’, ‘therefore’, ‘wait’, etc. may not appear significant to
human readers, our decomposition frequently identifies them as critical decision points for
autoregressive LLMs trained on next-token prediction, where selecting a different token at
these junctures can substantially alter the downstream reasoning and final outcome. Therefore,
it is essential for inference algorithms to allocate more compute toward sampling at these
steps, and to identify these steps automatically through LLM data rather than through human
design.

4 Experimental Results

4.1 Main Results

Benchmarks. We evaluate DISC on three benchmarks: APPS, MATH, and LiveCodeBench,
to assess its impact on inference scaling for both coding and reasoning. APPS [18]| consists of
5000 competitive programming problems across three difficulty levels, with the competition-level
subset being the hardest. We evaluate on a 200-problem subset due to computational constraints.
MATH [33] comprises 12,500 math problems. Since the ground-truth verifier provides only binary
rewards, we use a pretrained ORM [36]], trained via the method in [37]], with Llama-3.1-8B-Instruct
as the base model. We test on a 500-problem subset (MATHS500), identical to prior work [37, 23]].
LiveCodeBench [38] is a continuously updated dataset from Leetcode, AtCoder, and CodeForces,
ensuring LLMs have not been exposed to test problems. We evaluate on the 108 problems uploaded
between 10/01/2024 and 12/01/2024 to prevent contamination.

Baselines. We compare DISC against three prior decomposition methods: TokenSplit (token-level
decomposition), LineSplit (newline-based decomposition), and BoN (treating the entire solution as a
single step). These are all standard and the most commonly used methods (see Sec.[2.2).
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Figure 5: Token-level comparisons across benchmarks using gpt-4o-mini. (Left) APPS competition
level (Middle) MATHS500 (Right) LiveCodeBench. DISC achieves superior inference scaling over
baselines on all three benchmarks.

Metrics. We evaluate two key metrics: Pass@Kk, the proportion of problems solved within a sample
budget k, and Pass@token, the proportion solved within a given token budget. Note that k refers to
the sample budget, not thousands of samples, and error proportion refers to proportion not solved. We
use g = 0.15, 0 = 1.0, and temperature 7 = 0.2 by default for DISC unless otherwise specified.

Performance. Across all benchmarks, DISC consistently delivers stronger performance and better
scaling under both fixed token budgets (Fig.[5) and fixed sample budgets (Fig.[§). For example, on
APPS, the pass@ 10 error proportion decreases from 0.50 to 0.475; on MATHS00, from 0.15 to 0.14;
and on LiveCodeBench, from 0.57 to 0.51. These correspond to a 5.0%, 6.7 %, and 10.5% reduction
in error relative to the best baseline, respectively. These improvements are particularly meaningful
on more challenging benchmarks, where performance gains are harder to achieve, demonstrating
DISC ’s effectiveness in guiding search toward high-reward regions. Extended results and analyses

are provided in App.[D.1}[D.4] and[D.5]
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Model Generality. DISC also provides substantial gains across a range of models, including
open-source LLMs. For instance, it improves LLaMA’s pass@10 rate from 0.01 to 0.04—a 300%
relative increase. Similarly, it boosts Mistral’s performance from 0.0 to 0.02, and Qwen’s from 0.095
to 0.17, representing a 79 % relative increase. As shown in Fig.[6] (left), these improvements hold
consistently across sampling budgets, including in low-budget regimes. This demonstrates DISC ’s
general applicability and effectiveness even for weaker or resource-constrained models. Additional
results and analyses are provided in App.[C.3]

Reasoning Models. DISC also yields substantial gains when applied to strong long-form chain-of-
thought (CoT) reasoning models such as R1 [I5|39]. As shown in Fig.[6|(middle), DISC improves
accuracy by over 85% relative to the base R1 model using just 10 samples. Notably, Fig. 6] (right)
shows that even under a constrained token budget—matched to that of a single sample from the base
model—DISC still achieves over a 33% relative improvement. This demonstrates that DISC not
only scales well with more samples but is also highly effective at identifying and prioritizing critical
reasoning steps, leading to stronger performance even in low-resource settings.

Computational Overhead. DISC introduces negligible runtime overhead compared to standard
decoding baselines, as shown in Fig. [/} The vast majority of compute time—over 90% across all
settings—is still dominated by LLM token sampling, with only a minor fraction spent on auxiliary



operations such as candidate management, z-score normalization, and recursive branching. Despite
its dynamic control flow, DISC maintains a runtime composition nearly identical to that of methods
like BoN and LineSplit. Moreover, because DISC achieves higher success rates with fewer tokens
(Fig.[3), its effective runtime per correct solution is even lower. In practice, this makes DISC both
algorithmically efficient and computationally scalable, offering improved search performance without
additional inference cost. We provide a detailed runtime discussion in App.

DISC BoN LineSplit TokenSplit

Figure 7: Percentage of runtime spent on overhead vs LLLM token generation. DISC does not
increase the runtime overhead significantly.
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Figure 8: Comparison of Pass @k performance on APPS using gpt-4o-mini. (Left) self generated
validation tests, (Middle) with ground truth tests, (Right) with different search methods.

Self-Generated Validation. We further evaluate DISC in a self-generated validation setting, where
ground-truth reward models or curated tests are unavailable [30} 40} 41]. Here, the LLM generates its
own unit tests from the problem description, which serve as a proxy reward model for evaluating
candidate solutions. This setup offers a scalable alternative to costly manual test curation in real-
world code generation tasks.

As shown in Fig.|8| DISC scales effectively under this protocol, achieving a 54 % relative improve-
ment over the base model. This demonstrates that DISC leverages decomposition-based reasoning
to produce higher-quality code even when supervision is noisy or incomplete.

However, self-generated validation has limitations: generated tests may be incomplete, inconsistent,
or narrow in coverage, potentially biasing performance estimates. While these issues do not affect
the observed scaling trends, improving test reliability and robustness remains an important direction.
Additional details and results are provided in App.

Search. We demonstrate that search strategies such as MCTS and beam search can be naturally
integrated with DISC using the approach described in Sec.[3.4] As shown in Fig.[46] greedy search
tends to explore deeper partitions within the same search budget due to its myopic nature, while
MCTS and beam search explore more diverse but shallower paths. Despite similar depth, MCTS
outperforms beam search by allocating its search budget more strategically—focusing exploration on
more promising candidates—resulting in superior overall performance, as seen in Fig.|8| Furthermore,
unlike greedy search, which irrevocably commits to prefixes as they are accepted, MCTS maintains
flexibility by exploring committing multiple candidate prefixes in parallel. Additional details and
analysis are provided in App.[H

4.2 Ablation Studies

Temperature. Typically, inference scaling methods achieve optimal performance at temperatures
around 0.6-0.8, as increased temperature promotes sample diversity [42]. Surprisingly, however,
DISC performs better at lower temperatures, as shown in Fig.[9} This trend is in stark contrast to
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BoN (Fig. [I6), where higher temperatures are generally beneficial. We believe this phenomenon
arises because DISC depends on estimating the z-score at each step using sample statistics. Lower
temperatures reduce sample variance, leading to more reliable estimates, which in turn improves
step selection. This is further supported by Fig. [T4 which shows that lower temperatures yield
lower standard deviations per step, indicating increased sampling consistency. Additional details and
analyses can be found in App. [C.T]

Acceptance Method. We perform an ablation study to evaluate whether using the z-score is an
effective criterion for accepting candidate prefixes. Specifically, we compare our standard z-score-
based acceptance method, DISC-Z, against four alternative baselines: DISC-R, which accepts
candidates uniformly at random; DISC-Q, which accepts if the candidate prefix has a lower mean
value; DISC-negQ, which accepts if the candidate has a higher mean; and DISC-negZ, which accepts
if the candidate has a higher z-score (rather than a lower one). As shown in Fig.[9] the choice of
acceptance criterion substantially influences performance. Among all methods, DISC-Z achieves the
highest performance, while DISC-negZ performs worse than random selection, underscoring the
importance of prioritizing candidates with a higher probability of improvement. Additional details
and analysis are in App.[C.2]

Partition Fraction ojp. As shown in Fig.[0]and Fig. 23] performance is highest when the partition
fraction lies in the range 0.15 < «p < 0.25. Smaller values of o generally yield better results
because they lead to more conservative proposals—i.e., shorter candidate prefixes. This conservatism
is beneficial due to the high cost of prematurely committing to a suboptimal prefix: once a candidate
prefix is accepted (in greedy-DISC), it becomes fixed and cannot be revised. By keeping candidate
prefixes short, the algorithm retains more flexibility to correct course in future steps. Additional
analysis is provided in App.[C4]

4.3 Analysis and Interpretation
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Figure 10: Analysis of decomposition methods. Dotted lines fit a linear model to indicate the trend.
(Left) Average reward per step: From step 3 onward, higher step counts strongly correlate with
increased average reward, demonstrating the effectiveness of decomposition. The dip between steps 1
and 3 likely occurs because simple problems are solved early, preventing further search. (Middle)
Standard deviation of rewards per step: Decomposition reduces sampling variance, improving
precision at deeper search depths. (Right) Frequency of the number of partition steps that the search
algorithm committed to the prefix during the search process.
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Our results strongly suggest that decomposition—whether line-based, token-based, or DISC —con-
sistently improves sample quality. Fig.[T0| (left and middle) shows how the mean and variance of
sampled rewards evolve with the step number, i.e., the number of steps committed to the prefix
during search. As the step number increases, the mean reward improves, indicating that longer
committed prefixes lead to higher-quality solutions. At the same time, the variance of rewards



decreases, suggesting that committing to a longer prefix also improves the precision of sampling.
These trends highlight the benefits of finer-grained decomposition and incremental commitment in
guiding the search process more effectively.

Furthermore, DISC achieves higher performance using fewer committed prefix steps—and thus fewer
sampling stages—under a fixed sampling budget. Fig. |10 (right) shows the distribution of actual
partitions, i.e., the number of steps effectively committed under a finite budget. As shown, DISC
typically requires only 1-5 actual partition steps, whereas other methods commit to significantly
more. This indicates that DISC is more efficient at identifying high-impact prefixes, enabling better
performance with fewer sampling decisions.

Limitations. While DISC demonstrates strong empirical performance, several limitations remain
(see Appendix [E] for a detailed discussion). In particular, DISC assumes access to a reasonably
accurate reward model. For example, in code generation tasks, this requires that either ground-truth
validation tests are available or the model can self-generate sufficiently reliable ones. Addressing
these limitations—through improved test generation, learned verifiers, and more robust evaluation
protocols—presents promising directions for future work.

Decomposition and Sample Quality

DISC enables more efficient exploration by identifying high-impact prefixes with fewer steps.
Incremental prefix commitment not only improves sample quality—yielding higher average
rewards—but also reduces reward variance, leading to more stable and reliable outputs under
a fixed sampling budget.

5 Related Work

Inference scaling. Inference scaling has emerged as a dominant paradigm, driven by the introduction
of ol- and rl-like chain-of-thought reasoning models [} 16} 43| i44]]. Several works examine the
trade-off between inference compute and training compute [45, 46]]. LLM inference often relies on
decomposing complex problems into intermediate reasoning steps, as seen in chain-of-thought (CoT)
prompting [47} 48| 49] and its variants [50, /51,52, 53]]. We extend inference scaling by introducing a
new approach for adaptive compute allocation [43} 54} 55].

LLM reasoning and code generation. LLM reasoning and code generation are central tasks
for inference scaling. Evolutionary inference scaling methods have been explored in program
generation [56}157, 158, 59, 160]]. Domain-specific decomposition strategies have been applied in code
generation, such as function-based decomposition [61} 162, 63]]. More broadly, decomposition often
involves prompting LLMs to generate subtask completions [64, 165, 66], which differs from methods
that refine a single LLM generation.

Reinforcement learning and Monte Carlo methods. Unlike standard RL, our setting resembles
a search problem where the goal is to identify the single highest-reward path. Nested Monte Carlo
search can accelerate optimal pathfinding [67]]. Under the bandit setting, this can be formulated as
identifying the arm with the highest maximum reward rather than the highest mean reward [68),169].

6 Conclusion

We introduce DISC, a dynamic decomposition framework that adaptively partitions solution steps
based on first order statistics that capture potential for improvement, improving inference scaling by
directing compute toward critical steps while balancing exploration and resource allocation. DISC
naturally integrates with search-based methods such as MCTS and beam search, further enhancing
performance. It also identifies challenging steps for LLMs, aiding curriculum learning, fine-tuning,
and dataset augmentation. By dynamically adjusting partitioning and step sizes based on available
compute, DISC enables more adaptive and efficient reasoning in large language models, with broad
implications for both training and inference optimization.
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A Code implementation of DISC

To aid reproducibility and practical adoption, we provide Python-style pseudocode in this section that
closely mirrors our actual implementation. The pseudocode abstracts away low-level engineering
details while preserving the core logic, function names, and control flow used in our codebase. This
alignment ensures that readers can easily translate the pseudocode into a working implementation or
modify it for their own use cases. All key components of the DISC algorithm—including dynamic
step refinement, z-score-based acceptance, and integration with search strategies—are reflected in
this pseudocode with minimal deviation from the actual code.

Python implementation of DISC

def dynamic_decomposition(problem, model, reward_model, split_str, complete_solution, fraction,
solution_budget, split_metric, stop_threshold=-float("inf"), stop_sum_score=1.0,
stop_if_solved=False, ):

vuuuDecomposes the ;solution using a dynamic binary search approach

LuuuArgs:

Luuuuuuuproblem  (Problem) :The problem tosolve

uuuuuuuumodel  (Model) : The model to use_ for generation
uuuuuuuureward_model  (function) : The reward model to use for scoring
Uuuuuuuusplit_stru(function):uTheufunctionutouuseuforusplittinguaustring
Luuuuuuucomplete_solutiony (function) : The function to use_ for completing a solution
Luuuuuuufractiony (float) : The fraction to split the string
uuuuuuuusolution_budgetu(int):uTheumaximumunumberuofusolutionsutougenera‘te
LuuuuuuusSplit_metricy (function) : The metric to use for splitting
uuuuuuuustop_threshold  (float) : The threshold toystop splitting
LuuuuuuuStop_sum_score (float) :  The sum_ score to,stop generating completions
Luuuuuuustop_if_solved (bool) : Whether to,stop, if the problem is solved

nun
[T

# Initialize results and decomposition steps
decomp_return = {
"generated_solutions": [],
"decomposition": []

}

while len(decomp_return["generated_solutions“]) < solution_budget:
# Combine all previous steps into an intermediate solution
intermediate_solution = "".join([step["step_str"] for step in decomp_return["decomposition
"1
new_scores = []
best_solution = None
best_completion = None
best_score = -float("inf")
sum_score = 0.0

# 1) Generate completions until we generate enough samples to estimate the split metric
while sum_score < stop_sum_score:
proposed_completion = complete_solution(problem, intermediate_solution, model)
proposed_solution = intermediate_solution + proposed_completion
decomp_return["generated_solutions"].append(proposed_solution)

# Update scores

proposed_score = reward_model(proposed_solution)
new_scores.append (proposed_score)

sum_score += proposed_score

# Track the best solution

if proposed_score > best_score:
best_solution = proposed_solution
best_score = proposed_score
best_completion = proposed_completion

# Stop early if problem is solved

if stop_if_solved and proposed_score >= 1.0:
decomp_return["decomposition"].append({"step_str": proposed_completion})
return decomp_return

new_metric = split_metric(new_scores)
last_metric = decomp_return["decomposition"][-1]["metric"] if decomp_return["decomposition
"] else None

# Determine the split target. We always split the step with the highest metric

is_split_new_step = last_metric is None or new_metric >= last_metric

split_target = decomp_return["decomposition"][-1]["step_str"] if not is_split_new_step
else best_completion
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# 3) Attempt to split the target
split_result = split_str(split_target, fraction)
if not split_result: # If we can’t split the target, we’re done
decomp_return["decomposition"].append({"step_str": best_completion, "metric":
new_metric})
return decomp_return

# Update decomposition based on split
partl, part2 = split_result
if is_split_new_step:
decomp_return["decomposition"].append({"step_str": partl, "metric": new_metricl})
# Stopping condition based on threshold
if new_metric < stop_threshold:
decomp_return["decomposition"].append({"step_str": part2})
return decomp_return
else:
decomp_return["decomposition"] [-1] = {"step_str": partl, "metric": last_metric}

return decomp_return

B Pseudocode for DISC
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Algorithm 2 Dynamic Decomposition

1:

W

—

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44
45:
46:
47:

A I AN

Input: Problem instance x, reward model 1, partition function /, LLM policy model 7, partition
fraction «, solution budget /2, priority metric /2, metric stopping precision ¢, sampling stopping
threshold o, is inference mode biyference

QOutput: Final decomposition

Initialize /) < {generated_solutions : &, decomposition : &}

# Decompose the solution recursively until we reach the desired precision ¢ or run out of budget

while | .generated_solutions| < 7 do
Yintermediate < Concatenate([step.step_str V step € /).decomposition])

— I
beSt-ylinul — NOHC, beSt~.7/C()I‘l]p|Cli(7n <~ None, — —00
# Step 1: Generate completions until we have enough samples to estimate the splitting metric.
Here we use a geometric sampling distribution
while sum( ) < o do
?/complction <~ (‘Ta yimm‘mcdintc)
Yproposed €= Yintermediate S2) Ycompletion
Append Yproposed to [).generated_solutions
— (ypropo\cd)
Append to
if > then
beSt-yﬁnzll — Yproposed beSt'l/C()ll]p]CTiﬂll < Yeompletion
%
end if
if biyference and = 1.0 then
Append {step_str : ywmp]elm} to /).decomposition
Return
end if
end while
# Step 2: Compute splitting metric
Znew = R(Foew)
Z1ast <= 1.decomposition[—1].z if /).decomposition # & else — oo
# Step 3: Split the step with the higher metric
bsplit new step < Znew > Zast
Ytarget step — beSt'ycom])leti(m if bsplit new step else -deCOfnPOSitiOH[—l] -SteP_Stf
Y1, Y2 < (.I/lm'gcl steps
if y; = None or y> = None then
Append {step_str : Yeompletion, Metric : ., } to ).decomposition
Return
end if
if bsplit new step then
Append {step_str : y;, metric : 2., } to [).decomposition
if 2., < 0 then
Append {step_str : y> } to 1).decomposition
Return
end if
else
.decomposition[—1] « {step_str : y;, metric : 2, }
end if
end while
Return
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C Ablation studies

C.1 Ablation on Temperature

We conduct an ablation study to analyze the effects of temperature on DISC and BoN. Temperature
controls the randomness of token sampling in autoregressive models, influencing both exploration
and consistency. Higher temperatures encourage more diverse outputs, whereas lower temperatures
yield more deterministic generations. To examine its impact, we evaluate DISC and BoN on a
100-problem subset of APPS (the first 100 problems) using gpt-4o0-mini.

Figure [T] presents the Pass@token scaling curve for DISC across different temperatures. The
results indicate that lower temperatures lead to improved performance, as DISC benefits from more
deterministic step selection. Unlike BoN, which relies on broad solution sampling, DISC dynamically
refines steps, making stable token probabilities advantageous.

Figure [12]illustrates the frequency of actual partitions made by DISC at different temperatures. As
temperature increases, the number of partitions fluctuates more, suggesting that high temperature
introduces instability in step selection. Lower temperatures provide more structured decomposition,
reducing unnecessary subdivisions.

In Figure[I3] we visualize the mean reward per step. The trend shows a linear increase in reward as
step number grows, demonstrating that deeper decomposition results in progressively better solutions.
This reinforces that DISC effectively allocates computation towards refining difficult steps.

The mean standard deviation per step is shown in Figure[I4] Lower temperatures yield lower standard
deviations, confirming that DISC benefits from reduced variability in sample quality. This consistency
allows for more reliable prioritization of difficult steps, enhancing overall inference efficiency.

For comparison, Figure[I6and Figure[T5]display Pass @token and Pass @k scaling curves for BoN
across different temperatures. Unlike DISC, BoN achieves peak performance at a temperature around
0.6-0.8, balancing diversity and consistency. Higher temperatures increase exploration but degrade
precision, while lower temperatures hinder sample diversity, reducing the probability of obtaining
high-quality completions.

These findings highlight the fundamental difference between DISC and BoN: DISC benefits from
lower variance and stable decomposition, while BoN relies on broader exploration facilitated by
moderate temperature settings. As a result, optimal temperature settings differ significantly between

these methods, with DISC favoring deterministic sampling and BoN requiring a balance between
diversity and coherence.
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Pass@token scaling curves
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Figure 11: Pass@token scaling curve for dif-
ferent temperatures on APPS using gpt-4o-
mini. The lower the temperature, the stronger
the DISC performance.
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Figure 13: Mean reward per step of DISC
with different temperatures on APPS using
gpt-4o-mini. The mean reward scales linearly
with step number.
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BoN. A temperature around 0.6-0.8 leads to the
best performance and balance between diversity
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C.2 Acceptance Method

Pass@token scaling for different priority metrics
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Figure 17: Token level comparison of different
priority metrics on DISC in the APPS setting
with gpt-40-mini. Both Q and Z based priority
metrics perform well.
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Figure 19: Mean reward per step of DISC
with different priority metrics on APPS using
gpt-4o-mini. All metrics display strong correla-
tion between step depth and the mean reward.
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Figure 18: Partition frequency of DISC with
different priority metrics on APPS using gpt-
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Figure 20: Mean standard deviation per step
of DISC with different priority metrics on
APPS using gpt-4o-mini. All metrics display
correlation between step depth and the standard
deviation.

We analyze the impact of different acceptance methods on DISC’s performance. These meth-
ods govern whether a candidate prefix is accepted for further decomposition, directly influencing
efficiency, stability, and final solution quality.

We begin by introducing notation to characterize the distribution of rewards obtained when sampling
completions from a given prefix p. Let R, denote the random variable of the reward of a completion
sampled from the LLM policy 7 conditioned on prefix p:

Ry :=R(p-s), wheres~ m(-|p).
Let Fy, p, and o, be the cumulative distribution function (CDF), mean, and standard deviation of
Ry, respectively.
To estimate these quantities in practice, we sample M completions from the policy:

Ypo={(p s R(s") | s ~n(|p)},_,-
From these samples, we compute the empirical mean and standard deviation:

1 M 1 M
== i =.|= D — pp)?
Hp M lzzl R(S )’ Op M ; (R(S ) Mp) .
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Let r,(gl) = max; R(s") denote the sample maximum reward observed for prefix p.

We evaluate DISC on the first 200 competition-level APPS problems using gpt-4o-mini at a fixed
temperature of 0.8. The following acceptance methods are compared:

DISC-Z: accepts if the candidate prefix c has a lower z-score than the base prefix b.

DISC-Q: accepts if the candidate prefix has a lower mean reward, i.e., fte < fip.

DISC-negZ: accepts if the candidate has a higher z-score.

DISC-negQ: accepts if the candidate has a higher mean reward.

DISC-R: accepts a candidate uniformly at random.

Z-score Based Acceptance (DISC-Z). For a base prefix b and candidate prefix ¢, we estimate the

. 1
z-score of the sample maximum 7"((; ) as:

ze=——C, 0P[R, >rM]=1-F.(r)).

We accept c if z. < zp. A lower z-score implies a greater tail probability mass and thus a higher
chance of improvement.

Q-based Acceptance (DISC-Q). This method accepts c if its sample mean is lower than that of b:

He < Hp-

While simple, this method compares absolute expected values without accounting for reward variance,
making it less robust to noise in 7’s samples.

Empirical Comparison. Figure [17] shows token-level performance across methods. DISC-Z
significantly outperforms alternatives, highlighting the value of normalizing reward advantage by
variance.

Figure [T8§] shows that DISC-Z produces fewer but more meaningful partitions, suggesting better
allocation of compute.

Figure|19|shows that DISC-Z achieves sharper reward gains early on, indicating better prioritization
of impactful refinements.

Figure [20]reports step-wise reward variance. DISC-Z yields the most stable and consistent improve-
ments.

Why Z-score Works Best

Z-score based acceptance balances the mean and variance of reward samples, estimating the
probability of improvement in a statistically grounded way. This leads to more reliable and
efficient decomposition decisions.

Overall, our results confirm that acceptance method design is critical for dynamic decomposition.
Among all tested methods, DISC-Z consistently delivers the best performance and compute efficiency.
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C.3 Model Ablation

Token scaling for open source models
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Figure 21: Pass@token scaling curve for open
source models with DISC on APPS. DISC
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Figure 22: Partition frequency of DISC with
open source models on APPS.

also demonstrates strong performance gains with
open source models.
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Figure 23: Mean reward per step of DISC
with open source models on APPS.

Figure 24: Mean standard deviation per step
of DISC with open source models on APPS.

We investigate how different LLMs perform when used with DISC on 200 competition-level APPS
problems, given a sample budget of 30. The groundtruth reward model was used to evaluate
correctness, and all models were set to a temperature of 0.8. Due to the challenging nature of the
benchmark, open-source models struggled to achieve strong performance independently. However,
when paired with DISC, their performance significantly improved.

Figure [2T] presents the Pass @token scaling curve for open-source models using DISC. The results
demonstrate that DISC substantially enhances the capabilities of these models, closing the gap
between them and proprietary alternatives.

Figure 22] visualizes the partition frequency of DISC with different open-source models. Compared
to their standalone performance, the use of DISC led to more structured and effective decomposition,
highlighting its adaptability to different architectures.

The mean reward per step is shown in Figure[23] Similar to prior findings, we observe that deeper
decomposition leads to increasingly higher rewards. Notably, even lower-capacity models benefit
from DISC ’s ability to iteratively refine their solutions.

Finally, Figure [24] presents the mean standard deviation per step. With DISC, the variance in
performance is significantly reduced, resulting in more stable and reliable inference.

Overall, these findings emphasize that DISC is a robust framework capable of enhancing inference
performance across diverse LLMs, particularly those with limited standalone capabilities.
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C.4 Ablation on Partition Fraction o
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Figure 25: Token level comparison of different  Figure 26: Effect of partition fraction o in DISC
DISC splitting fraction cg on APPS compe-  on APPS with gpt-4o-mini. The range 0.15 < ao <
tition level. 0.15 < ay < 0.25 seems to be  0-25 appears optimal.

optimal.

We include additional analysis on the effect of the initial partition fraction «p, which determines
the fraction of the best suffix used to propose a new candidate prefix at each iteration. As shown in
Figures @ and@ we observe that performance peaks in the range 0.15 < ag < 0.25, with both
token-level and Pass @k metrics favoring this region.

This behavior aligns with the underlying motivation of DISC: a smaller o results in more conser-
vative candidate proposals—shorter steps that allow for finer-grained refinement. This is beneficial
because committing to suboptimal prefixes early in the search can lead to irrevocable errors, especially
in greedy search variants. Smaller values of o give the algorithm more flexibility to adjust course
later on, while still making meaningful progress toward a complete solution. Conversely, large
ag values (e.g., ag > 0.3) result in overly aggressive expansions that risk committing to noisy or
premature completions, leading to reduced accuracy and inefficient use of sampling budget.

Therefore, the optimal range of ag reflects a balance between exploration and commit-
ment—proposing candidate steps that are informative enough to guide search, yet cautious enough to
preserve the ability to refine future decisions. This ablation confirms that adaptive decomposition
benefits from conservative, incremental prefix extension when navigating complex reasoning or
program synthesis tasks.

C.5 Reward Distribution

Distribution of rewards for 100 samples
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Figure 27: Reward distribution for 100 samples on a given MATHS00 problem. The rewards
appear to be roughly normal shaped.
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A key assumption in our algorithm is that the distribution of rewards for sampled completions from
a given prefix follows a location-scale family, such as the Gaussian distribution. This assumption
enables the use of z-scores to estimate the relative quality of candidate prefixes and to guide step
acceptance. As shown in Figure the empirical reward distribution for 100 samples on a rep-
resentative MATHS00 problem appears approximately Gaussian, with a unimodal and symmetric
shape. While we do not assume exact normality, this empirical observation supports the use of
z-score-based comparisons, as the Gaussian approximation provides a reliable proxy for estimating
tail probabilities and potential for reward improvement. We observe similar patterns across other
problems and benchmarks, further validating this modeling choice.
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D Main Results Extended

D.1 APPS
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Figure 28: Sampling frequency of each step averaged over the problems on APPS with gpt-4o-
mini. DISC seems to have a slight preferences for spending more compute on earlier found steps.
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Figure 29: Comparison of actual and planned partitions on APPS. DISC outperforms other
methods with fewer partitions by efficiently identifying critical steps. Unlike token and line split
methods, which plan many partitions but search only a subset, DISC dynamically adjusts partitioning
based on budget.

We provide extended analysis of DISC ’s behavior on the APPS benchmark using gpt-4o0-mini.
Figure 28] shows the average sampling frequency per step across all problems. Interestingly, DISC
exhibits a slight preference for allocating more sampling budget to earlier-discovered steps. This
behavior reflects the intuition that early steps in a solution often set up the structure for later reasoning,
and refining these foundational steps yields more downstream improvements.

Figure 29| compares the number of actual partitions (i.e., accepted and committed steps) with the
number of planned partitions (i.e., proposed candidate splits) across decomposition methods. Token-
level and line-based methods typically predefine many steps but only explore a subset due to budget
constraints, leading to inefficient allocation. In contrast, DISC adaptively proposes and accepts
partitions in real time based on sample statistics and reward feedback, resulting in significantly
fewer actual partitions while maintaining or exceeding performance. This efficiency demonstrates
DISC s ability to identify and focus on high-impact steps, avoiding wasted compute on unnecessary
refinements and enabling stronger performance within the same sampling budget.
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D.2 Additional Examples

Below is another computed decomposition for the same problem as the one shown in the main text:

DISC example decomposition (Lagrange method)

[ Let = be the length and y be the width of the rectangle. Since the perimeter is 24 inches, we
have 2x + 2y = 24 = v +y = 12. ] | Therefore, | [ we must maximize the area xy subject
to this constraint. ]

[ We use the method of Lagrange multipliers. The Lagrangian is

L(z,y,\) =2y — NMa +y—12).
We differentiate with respect to z, y, and \ to obtain

oL oL

oL
o Y 0, oy x 0, B3\ Tty 0

We findthatz =y =\, sox =y = 1—22 = 6. Therefore, the maximum area of the rectangle

is6-6=[36] ]

DISC again highlights how initial constraint formulation is of medium importance—providing
essential structure but not representing a reasoning fork. The token "Therefore," is marked as
high-importance, capturing a critical conceptual transition from constraint setup to the optimization
approach. Notably, the bulk of the mathematical machinery involving partial derivatives and substitu-
tions receives low importance, consistent with the idea that such computations are largely mechanical
once the decision to use Lagrange multipliers is made. Interestingly, the final step involving the boxed
answer is also marked low, suggesting DISC allocates minimal compute here once earlier reasoning
is settled—underscoring the idea that key inference pivots lie upstream in the decision flow.

D.3 APPS with Self-generated Validation Tests

We examine DISC performance on APPS when using self-generated validation tests. All methods
utilized the same set of self-generated validation tests to ensure fair comparisons. Each problem
received 5-10 validation tests, with the exact number determined dynamically by the LLM. We
evaluated a subset of 100 APPS problems, generating samples until the sample budget was exhausted
or a correct solution was found.

Figure [31]illustrates the Pass@token scaling curve, showing that DISC maintains strong scaling
performance in this setting, though at a slightly lower rate compared to ground-truth verification.

Figure 32 and Figure [33]compare actual and planned partition frequencies, respectively. The results
indicate that DISC continues to make structured decompositions even with self-generated validation,
preserving its efficiency.

The mean reward per step, shown in Figure [34] follows a similar trend as in previous experiments,
reinforcing that DISC effectively allocates compute resources for iterative refinement.

Lastly, Figure 35] demonstrates that DISC maintains lower standard deviations in performance,
indicating stable quality improvements across steps.
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Figure 30: Pass@k on APPS with gpt-40-mini
using self-generated validation tests.
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Figure 32: Actual partition frequency of differ-
ent decomposition methods on APPS with gpt-
40-mini and self-generated validation tests.

Mean reward

Mean reward per step

0.70 A \
0.65 - /\ )
0.60 1 2
0.50 A —— DISC
—— LineSplit
0.45 + TokenSplit
2 4 6 8 10 12 14

Step number

Figure 34: Mean reward per step of different
decomposition methods on APPS with gpt-4o-
mini and self-generated validation tests.
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D.4 MATHS00

Completions for MATHS500 include both the reasoning steps and the final answer. Since MATHS500
contains more problems than APPS200 and MATH problems tend to be relatively easier, solution
quality saturates quickly. Therefore, we use a lower sample budget of 10 for these experiments.

Figure 36 presents the Pass @k performance for different decomposition methods on MATH500. We
observe that all decomposition-based approaches achieve similar Pass @k performance, consistently
outperforming BoN. This indicates that the structured nature of MATH problems allows multiple
decomposition strategies to be effective.

Despite similar Pass@k results, the true advantage of DISC lies in its token efficiency, as shown
in Figure[5] DISC significantly reduces the number of tokens required to reach correct solutions
compared to alternative methods, demonstrating its ability to allocate computational effort efficiently
in mathematical reasoning tasks.

Additionally, we analyze the partitioning behavior of DISC on MATH500. Figure [37]illustrates the
actual partition frequency for different decomposition methods. The planned partitioning behavior,
shown in Figure [38] further highlights how DISC effectively balances exploration and refinement.

Finally, we present the mean standard deviation per step in Figure[39] Lower variance suggests that
DISC produces more stable and reliable decompositions over multiple runs, reinforcing its robustness
in both mathematical and program synthesis domains.
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D.5 LiveCodeBench

We evaluate DISC on LiveCodeBench, a benchmark designed for code generation tasks with a focus
on real-world software development challenges. LiveCodeBench presents a unique set of problems
requiring both reasoning and structured decomposition, making it a suitable testbed for evaluating
DISC’s ability to refine and improve intermediate steps.

Figure 40| shows the Pass @k comparison of different decomposition methods on LiveCodeBench.
DISC consistently scales better than other decomposition methods, highlighting its ability to refine
intermediate steps more effectively in complex coding scenarios.

Figure ] illustrates the observed partition frequency of different decomposition methods. The struc-
tured approach of DISC results in well-balanced decomposition across steps, reducing unnecessary
partitioning while maintaining sufficient granularity for improved solution refinement.

Figure 2] displays the planned partition frequency across methods. DISC dynamically determines the
most effective partitions based on the evolving problem state, leading to more targeted and efficient
decompositions.

Finally, Figure[d3]presents the mean standard deviation per step across decomposition methods. Lower
variance in DISC suggests that it produces more stable and reliable decompositions, reinforcing its
robustness for solving LiveCodeBench problems.
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D.6 Computational Overhead

We analyze the computational overhead of DISC by measuring the runtime breakdown between
actual LLM token generation and all auxiliary operations (e.g., z-score computation, candidate prefix
management, and recursive decomposition logic). Since token generation is the dominant cost in LLM
inference, reporting relative percentages of runtime—rather than absolute wall-clock time—offers
a more meaningful and consistent comparison. Absolute runtime can vary significantly across
hardware configurations, backend optimizations, or batching strategies, whereas percentage-based
measurements isolate algorithmic overhead from infrastructure-dependent variance.

As shown in Figure [/} the proportion of runtime DISC spends on LLM token generation versus
auxiliary logic closely matches that of baseline methods such as BoN and LineSplit. This indicates
that DISC introduces negligible additional overhead despite its dynamic behavior and internal scoring
computations. In practice, more than 90% of total runtime is still dominated by LLM token sampling
across all methods.

Furthermore, because DISC achieves better performance with fewer tokens (i.e., improved token
efficiency), its effective runtime per successful solution is actually lower than that of less efficient
baselines. This combination—minimal added overhead and superior token scaling—makes DISC a
highly practical method for real-world inference settings, where total compute cost is often tightly
constrained.
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E Limitations

While DISC demonstrates strong empirical performance and generality across tasks and models,
several limitations merit discussion.

Reliance on LLM-Generated Test Validation. Our evaluation framework employs self-generated
test validation, where the LLM is prompted to produce its own unit tests for a given code generation
task, and these tests are used as a proxy reward model. This approach enables scalable evaluation in
the absence of ground-truth test cases, but its effectiveness depends critically on the quality of the
generated tests. In particular:

* The LLM’s ability to produce meaningful and comprehensive tests directly impacts evalua-
tion fidelity. Poor coverage or semantically shallow tests may overestimate correctness.

* The framework assumes that most generated tests are correct and executable. For complex
or underspecified tasks, this assumption may fail, leading to false positives or noisy reward
signals.

* Since generated tests may not align with reference solutions, cross-method comparison can
become inconsistent.

These issues are consistent with observations in prior work such as CodeT [30], which highlights
tradeoffs between scalability and reliability in test-based self-evaluation.

Dependence on Reward Model Availability. DISC requires access to a scalar reward signal to
guide step-wise decomposition. While tasks like code generation or math reasoning naturally provide
verifiers (e.g., test cases or numerical checks), applying DISC to domains lacking explicit reward
signals necessitates constructing auxiliary reward models or LLM-based critics, which introduces
additional complexity and potential bias.

Scope Limited to Single-Turn Generation. The current formulation of DISC is designed for single-
pass generation tasks. It does not yet handle multi-turn or interactive settings where intermediate
reasoning steps can elicit feedback or modify the problem context. Extending DISC to such interactive
regimes remains an important direction for future work.

Reduced Benefit in Trivial or Non-Compositional Tasks. DISC allocates computational budget
adaptively across reasoning steps. When a task is trivially solvable or lacks compositional struc-
ture—such that early reasoning does not meaningfully constrain the final outcome—the gains from
decomposition and step-wise control diminish.

Despite these limitations, we believe that DISC provides a strong foundation for adaptive, reward-
driven reasoning. Future extensions could integrate learned verifiers, support multi-turn interaction,
and explore joint reasoning—evaluation co-evolution.

34



F Search and Scaling

F.1 DISC Plug-and-Play Search

Algorithm 3 DISC: Decomposition for Plug-and-Play Search

Require: LLM 7, Reward model R, prompt z, initial partition fraction oy, negative binomial
threshold o, total budget N, current budget n

1: function EXPANDNODE(parent prefix p,, parent z score z;, suffix to child s.)
2 o = Qo

3:  while n < N do

4: P.=Dy- Split(sw Oé)

5: Y. =MAKECHILDREN(p,)

6: ze = (max(Y.) — mean(Yy.))/std(Y:)
7 n<—n+M

8: if 2. < z, then

9: break

10: else

11: a — oo

12: end if

13:  end while
14:  returnp,, Y,

15: function MAKECHILDREN(parent prefix p;,)
16: Y ={(p,-s" R(s")) | s ~7(-|p,) }}L,
17:  returnY

F.2 Monte Carlo Tree Search (MCTS)

Monte Carlo Tree Search (MCTYS) is a widely used algorithm for sequential decision-making in large
search spaces, particularly in applications such as game playing, planning, and inference scaling. The
algorithm builds a search tree incrementally by simulating different sequences of actions and updating
estimates of state quality. A key advantage of MCTS is its ability to balance exploration (discovering
new states) and exploitation (refining promising ones) using a data-driven search process. The MCTS
pipeline consists of four fundamental steps: selection, expansion, simulation, and backpropagation.

F.2.1 Selection

Starting from the root node representing the current state s, MCTS iteratively traverses the search
tree by selecting child nodes based on a selection policy. The most commonly used selection criterion
is the Upper Confidence Bound for Trees (UCT), which balances exploration and exploitation:

UCT(s,d) = Q(s,d) + ¢ )

where Q(s, d) represents the estimated value of selecting action d from state s, n(s, d) is the visit
count for this action, and c is a hyperparameter controlling the trade-off between exploring new
actions and favoring those with high past rewards.

F.2.2 Expansion

Once a leaf node (a previously unexplored state) is reached, the algorithm expands the tree by adding
one or more new nodes. These new nodes represent potential future states s’ generated by sampling
an action d from a predefined policy. This step broadens the search space and allows MCTS to
evaluate new possibilities.
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F.2.3 Simulation

Following expansion, the algorithm conducts a simulation (or rollout) from the newly added state.
This step involves generating a sequence of actions according to a predefined policy until reaching a
terminal state or an evaluation horizon. The outcome of the simulation, denoted as v(s’), provides an
estimate of the quality of the new state. Depending on the application, this could represent a game
result, an optimization score, or an inference accuracy metric.

F.2.4 Backpropagation

The final step involves propagating the results of the simulation back up the search tree to refine the
estimated values of prior states and actions. Each node along the trajectory 7 = [sg, d1, S2, ..., S_1]
is updated iteratively:

Q(Su di+1)(t+1) <~ (1 - Oén)Q(Su di-‘,—l)(t) + an max{@(si, di+1)(t)a Q(si+1»di+2)(t+1)}> )

where «, is a learning rate that depends on the visit count, and the maximum function ensures that
the best-performing trajectories are emphasized.

MCTS has been widely adopted in inference scaling techniques due to its ability to efficiently
allocate computational resources, focusing more on high-reward states while avoiding unnecessary
exploration of unpromising regions. In later sections, we explore how MCTS can be combined with
dynamic decomposition to further optimize inference scaling.

F.2.5 Combining Dynamic Decomposition with MCTS

MCTS can be enhanced by integrating dynamic decomposition, where each node in the search tree
represents a decomposition of the problem into steps. Instead of treating states as atomic decisions,
we recursively decompose reasoning steps, dynamically adjusting granularity based on difficulty.

In this framework:
» Each node in the MCTS tree represents a partial decomposition of the problem, with child
nodes corresponding to alternative step partitions.

* Branching occurs by generating candidate next steps using dynamic decomposition, allowing
finer steps for complex regions while maintaining efficiency for simpler ones.

* The selection step prioritizes nodes that represent more promising decompositions, dynami-
cally refining challenging areas through recursive subdivision.

» The backpropagation step ensures that decompositions leading to high-quality solutions are
reinforced, helping the search tree converge toward optimal inference paths.

By integrating dynamic decomposition with MCTS, we efficiently allocate compute to the most
critical reasoning steps, improving inference quality while maintaining computational efficiency.

F.3 Beam Search

Beam search is a heuristic search algorithm commonly used in inference tasks where computational
efficiency is a priority. Unlike exhaustive search methods, beam search maintains only the top k
best candidates at each step, making it an effective strategy for structured prediction problems and
sequential decision-making.

At each iteration:
* The algorithm selects the k¥ most promising partitions from the previous step based on an
evaluation metric.
* Each selected partition is expanded by generating possible next-step samples.

* The newly generated partitions are ranked, and only the top k candidates are retained for the
next iteration.

* This process continues until a stopping criterion is met, such as reaching a predefined depth
or finding a sufficiently high-quality solution.
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Beam search provides a computationally efficient way to explore structured solution spaces while
maintaining high-quality search trajectories. By integrating beam search with dynamic decomposition,
we ensure that inference computation is allocated efficiently, focusing on the most promising reasoning
paths at each step.

F.4 Additional Results and Analysis

Pass@k for different search methods

Pass@token for different search methods
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Figure 44: Pass@k on APPS with gpt-40-mini
using different search methods. MCTS scales
best, followed by greedy search, followed by
beam search.

Figure 45: Token level comparison of differ-
ent decomposition search methods combined
with DISC on APPS with gpt-40-mini. MCTS
scales best, followed by greedy search, followed
by beam search.
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Figure 46: Actual partition frequency of differ-
ent decomposition search methods combined
with DISC on APPS with gpt-40-mini. Greedy
is able to search to higher depths given the same
sampling budget.

Figure 47: Mean standard deviation of differ-
ent decomposition search methods combined
with DISC on APPS with gpt-4o-mini. All
search methods display decreasing standard de-
viation with search depth.

Experiments comparing different search methods were conducted on a 100-problem subset of the
APPS dataset (first 100 problems) using GPT-40-mini. All methods used a temperature of 0.2, with
a = 0.15, Q priority metric, and o = 1.0.

Token-level comparison: As shown in Figure 5] MCTS scales best among the tested methods,
demonstrating superior efficiency in identifying promising partitions. Greedy search follows closely,
while beam search exhibits the slowest scaling.

Partition frequency analysis: Figure [#6]reveals that greedy search explores to greater depths within
the same sampling budget. This suggests that greedy search prioritizes deep refinements, whereas
MCTS and beam search balance depth with breadth.
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Step variance analysis: Figure 47|illustrates that all search methods display decreasing standard
deviation with increasing search depth. This trend indicates that deeper searches converge towards
stable, high-quality partitions, reinforcing the benefits of dynamic decomposition.

These results highlight the trade-offs between search methods: MCTS offers robust exploration-
exploitation balance, greedy search favors depth-first refinement, and beam search provides a struc-
tured yet computationally constrained approach. The integration of dynamic decomposition further
enhances these search strategies by adaptively allocating computational resources to critical reasoning
steps.
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G Theoretical analysis

G.1 Main Theorem

We begin by introducing notation to characterize the distribution of rewards obtained when sampling
completions from a given prefix p.

Let R, denote the random variable of the reward of a completion sampled from the LLM policy 7
conditioned on prefix p:

R,:=R(p-s), wheres~ n(-|p).

Let Fy, jip, and oy, be the cumulative distribution function (CDF), mean, and standard deviation of
Ry, respectively.

We define a solution y* as correct if it achieves a reward of at least r* = 1, i.e., R(y*) > 1. Then,
the probability that a random sample from 7 (- | p) yields a correct solution is given by:

PR, > 1] =1 — F,(1).

For a given set of M independent samples from 7 (- | p), let r;*** denote the maximum observed
reward among them, i.e., the sample maximum.

We make the following problem assumption:

Assumption 1 A correct solution exists in the support of the policy w(y*|x) > 0 and the length of
the correct solution is finite: |y*| = K < co.

We make the following assumptions about the policy 7:
Assumption 2 We assume Ry, belongs to a location-scale family with base CDF FFg.

Remark 2 The location-scale family includes common distributions such as the Normal, Cauchy,
and Logistic distributions, which are characterized by being affine transformations of a fixed base
distribution. Specifically, a random variable X belongs to a location-scale family if it can be written
as X = u+ oZ, where Z ~ F&g is a standardized random variable, and 1 € R and o > 0 are the
location and scale parameters, respectively. We observe empirical evidence supporting this modeling

choice for Ry, in Section

Assumption 3 (Reward distribution converges with prefix) Consider some base prefix b and
some candidate prefix ¢ = b - x for any token sequence x. Then, o. < op. Furthermore, if b
is a complete solution (it ends in an EOS token) then oy, = 0.

Remark 3 This assumption reflects the intuition that as more tokens are appended to a prefix, the
LLM becomes increasingly committed to a narrower set of likely continuations, leading to lower
uncertainty in the reward distribution. In the limit, once a complete solution is formed (i.e., the
sequence ends with an EOS token), the reward becomes deterministic, and the variance collapses to
zero.

We emphasize that this assumption is not required for proving the optimality of DISC. However, the
greater the difference between o. < oy, the faster the convergence, as DISC will be able to prune
suboptimal paths more confidently with fewer samples.

Assumption 4 (Reward distribution converges slowly) If Algorithm[l|accepts a candidate prefix
c over a base prefix b, then we assume the standard deviation of the reward distribution under c is a

lower bounded:
> (1 do c
Oc Z A Ob

is the optimality gap between the true maximum reward r* and the current

max
b —Hb T He

where A = r* — rinax

best sample under prefix b, and § = ~ - is the z-score drop, which quantifies the
change in how surprising the best sample is under each distribution.
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Remark 4 This assumption enforces that if we transition from base prefix b to candidate prefix
¢, the standard deviation (spread) of the reward distribution under c cannot shrink too drasti-
cally—especially when: (i) we are still far from the optimal reward (i.e., A is large), and (ii) the
improvement in sample quality is not significant (i.e., § is small). Intuitively, this prevents committing
to a sharp but unreliable prefix unless there is strong evidence of progress. If ¢ does not yield
sufficiently better samples or has low variance, it may hinder further exploration. This assumption
ensures that accepted prefixes preserve enough reward diversity to support continued search.

Remark 5 While we list the confidence property Assumption 4| as an assumption, it can also be
enforced directly as an explicit acceptance criterion in Algorithm|l] Specifically, the algorithm could
be modified to accept a candidate prefix c over base b only if both § > 0 and: (1 — %) op < Oe.
where A can be computed because r* = 1.

Combining Assumptions and we can write: 2= € [(1 - 92) | 1]. This balances exploration
with exploitation.

Assumption 5 (Accurate estimates of 11, and o, ) We assume that we sample Ry, enough times to
get accurate estimates of the true mean [i, ~ iy, and standard deviation 6, =~ op. Because estimates
of mean and standard deviation are accurate, the estimates of the z-scores are also accurate.

Next we prove that Alg. [I] will never commit a candidate prefix that with a lower probability of
sampling a correct solution than the base.

Lemma 1 Consider Algorithm|l} applied to a base prefix b and a candidate prefix c, with corre-
sponding reward distributions Fy, and F.. Then, the probability of sampling a correct suffix from 7
does not decrease after accepting c:

7(s* | b) < m(s* | ¢).

Proof 1 A candidate prefix c is accepted by Algorithm|[l|if either of the two conditions are true: (i)
the standardized score (z-score) of ¢ is lower than that of b: z. < zy, or (ii) the first « fraction of
tokens in the best suffix contains no tokens, and the prefix is accepted by default. In case (ii): if c is
the empty prefix, then c = b, and the distributions are unchanged, so the result follows trivially.

It remains to show case (i): if z. < z, then, 7(s* | ¢) > w(s* | b).

max __

First, we define the z-score change § > 0 as § = "e——4 _ I« —F< and the optimality gap A > 0

Jb c
as A = r* — 2 Then, we note that our algorithmic implementation initializes the set of candidate

samples with the best solution, i.e. max(Yy) € Y.. Therefore, we have that the sample max of the

candidate rewards is greater than or equal to that of the base: rZ*** > rg'®x.

Using this information, we can rewrite the z-score inequality:

* * e A A
T i T ’“‘2(5—+>20 3)

Ob Oc Oc Ob

where we first plug in the definitions of § and A, do algebraic manipulation, and then apply
assumptiond] The final inequality implies F,(r*) < Fy(r*), which implies w(s* | ¢) > w(s* | b)
because P[Rp, > r*] = 1 — Fp(r*) and Fp, is monotonic in z score.

Theorem 2 (Optimality of DISC) Consider Algorithm[I|applied to a problem input  and assume
Assumptions 1, 2, 4, and 5 hold. Then, with probability 1, there exists a finite number of accepted
prefixes k > 0 and algorithm iterations n. > 0 such that the algorithm terminates, and the best
solution y,, found is a correct solution: R(y;) > 1.

Proof 2 We define the base prefix by, as the result of appending k accepted candidate prefixes. We
now proceed with the induction.

We first prove by induction that the probability of sampling a correct suffix remains strictly positive
after each accepted prefix.

Base Case (k = 0): Initially, by = x. By assumption, there exists at least one correct solution
y* = x - s* such that n(s* | ) > 0 and R(y*) > 1. Hence, there is a non-zero probability of
sampling a correct suffix from by.
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Inductive Step: Assume that after k accepted prefixes, the base prefix by, satisfies:
w(s*|by) >0 and R(by-s*)>1

Sor some correct suffix s*. Let by, 11 = by, - ¢ be the base prefix after appending the (k+1)-th accepted
candidate prefix c. By Lemmall] the probability of sampling a correct suffix does not decrease:

w(s* | bry1) > w(s* | bg) > 0.
Therefore, at every accepted prefix by, the probability of sampling a correct suffix remains bounded
below by some ¢ > 0, where ¢ > n(y* | ).

Termination: Let My, be the number of samples from accepted candidate prefix by. Since we sample
Jfrom the accepted candidate prefix by, at least once (My, > 1), samples are independent, and the
probability of sampling a correct suffix is at least w(y* | &) > 0, the probability of not sampling a
correct solution after accepting k prefixes is at most

(1-n(y" =)

Hence, the probability of never sampling a correct solution after infinitely many accepted prefixes is

k

lim (1-7(y* |z))* =0,

k—o0
which implies that, with probability 1, the algorithm will eventually sample a correct suffix.

Furthermore, this implies that the number of accepted prefixes k before obtaining a correct solution
is almost surely finite. This follows from the fact that the number of independent trials before the first
success with fixed success probability p := 7(y* | ©) > 0 is a geometric random variable, which is
finite with probability 1.

Therefore, there exists a finite number of accepted prefixes k > 0 such that the algorithm terminates
and returns a correct solution y* satisfying R(y*) > 1.

Since the algorithm either accepts a candidate prefix or contracts it by a factor a € (0, 1) uniil the
prefix length is 0, there can only be finitely many contractions before the candidate prefix is rejected
or accepted. Therefore the algorithm must accept a candidate prefix in finite number of iterations,
and so the total number of algorithm iterations n before finding a correct solution is also finite.

Remark 6 Unlike Best-of-N (BoN), where the probability of sampling a correct solution remains
constant across samples, DISC dynamically refines the sampling distribution by appending infor-
mative prefixes. As established in Lemmall| the probability of generating a correct solution under
DISC is non-decreasing across iterations. Consequently, DISC achieves faster convergence to a
correct solution in expectation compared to BoN. This theoretical advantage is corroborated by
our empirical results in Figure 5| which show that DISC consistently outperforms BoN in terms of
efficiency and scalability with respect to token budget.

G.2 A Motivating Example on DISC

We use the Wiener process W (¢) as an example where there are intractably many actions and steps.
Suppose we start at ¢ = 0 with W (0) = 0. At each round k, the algorithm can choose one of the two
options:

1. samples a trajectory and observe the final value W (T') at time ¢t = T, as the reward signal. Denote
the whole trajectory as w/(+).

2. chooses one trajectory from the previous rounds (denoted as w, () for round s), and time ty; then
sample a trajectory at t = to with W (ty) = ws(to). Denote the concatenated trajectory as wy,(-)
with wg () = ws(t) when t < ¢g.

Note that we are only able to observe the final reward W (t). At any intermediate time ¢ € (0,7"), the
current value W () is not observable. The goal is to design an algorithm that can reach the highest
reward among the K trajectories. Formally speaking, we aim to maximize the maximum:

max wy (1).
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One naive solution is to call option 1 for K times and return the best-of- K reward, each following:
W(T) ~N(0,T).
Alternatively, suppose there is a promising path w(-) with a high final reward w(7T") = R. It is natural

to consider starting at some midpoint a7 (0 < - < 1) and perform more completions to obtain an
even higher reward than R. The reward distribution sampled this way is

W' (T) ~ N(w(aT), (1 —a)T).
The remaining question is which o we should choose. One option is to maximize the probability that

the newly sampled reward is higher than R:

POW/(T) > R) =1 — @(R‘w(om)

(1-a)T
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H Compute Resources Used

All evaluations involving OpenAl proprietary models (e.g., GPT-40-mini, GPT-3.5) were performed
via the OpenAl API. These API calls were made from standard desktop machines using CPU-only
inference and incur no dependency on local GPU availability, making the method broadly accessible
for replication.

For open-source model experiments (e.g., LLaMA-3.1-8B-Instruct, Mistral, Qwen), inference was
conducted on a single NVIDIA A100 GPU. All such experiments were executed sequentially on
this GPU, which has 80GB of memory, ensuring consistent and reproducible runtime characteristics
across model families.

This setup reflects the lightweight computational overhead of our method and demonstrates that DISC
can scale effectively even in constrained or CPU-only environments when using hosted APIs.

I Impact Statement

Positive Societal Impacts This work introduces a general and lightweight method—Dynamic
Decomposition (DISC)—that significantly improves inference efficiency for large language models
(LLMs) without requiring additional training, domain-specific engineering, or specialized hardware.
By enabling better performance using fewer samples and tokens, DISC reduces the cost and envi-
ronmental footprint associated with LLM deployment, making advanced reasoning models more
accessible to research groups and developers with limited compute budgets.

Additionally, DISC’s ability to prioritize critical reasoning steps has the potential to improve the
transparency and interpretability of LLM outputs, which is beneficial in high-stakes applications
such as education, scientific reasoning, and assistive tools for programming or mathematics. Its
plug-and-play compatibility with open-source models also democratizes access to high-performance
inference techniques.

Negative Societal Impacts As with all improvements in LLM inference capabilities, this work may
accelerate the deployment of models in settings where societal risks are not fully mitigated—such
as the automated generation of persuasive misinformation, cheating in educational contexts, or
manipulation via high-fidelity language generation. Furthermore, by making LLM inference more
efficient, DISC could contribute to increased usage of models without corresponding increases in
ethical oversight or alignment safeguards.

Careful integration of this method should therefore include responsible use policies, limitations on
deployment domains, and alignment with values such as transparency, fairness, and accountability.
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