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ABSTRACT

The task of root cause analysis (RCA) is to identify the root causes
of system faults/failures by analyzing system monitoring data. Ef-
ficient RCA can greatly accelerate system failure recovery and
mitigate system damages or financial losses. However, previous
research has mostly focused on developing offline RCA algorithms,
which often require manually initiating the RCA process, a signif-
icant amount of time and data to train a robust model, and then
being retrained from scratch for a new system fault.

In this paper, we propose CORAL, a novel online RCA frame-
work that can automatically trigger the RCA process and incre-
mentally update the RCA model. CORAL consists of Trigger Point
Detection, Incremental Disentangled Causal Graph Learning, and
Network Propagation-based Root Cause Localization. The Trigger
Point Detection component aims to detect system state transitions
automatically and in near-real-time. To achieve this, we develop an
online trigger point detection approach based on multivariate sin-
gular spectrum analysis and cumulative sum statistics. To efficiently
update the RCA model, we propose an incremental disentangled
causal graph learning approach to decouple the state-invariant and
state-dependent information. After that, CORAL applies a random
walk with restarts to the updated causal graph to accurately identify
root causes. The online RCA process terminates when the causal
graph and the generated root cause list converge. Extensive experi-
ments on three real-world datasets demonstrate the effectiveness
and superiority of the proposed framework.

CCS CONCEPTS

• Computing methodologies → Causal reasoning and diag-

nostics; Online learning settings; Unsupervised learning.
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1 INTRODUCTION

Root Cause Analysis (RCA) aims to identify the underlying causes of
system faults (a.k.a., anomalies, malfunctions, errors, failures) based
on system monitoring data [4, 28]. RCA has been widely used in
IT operations, telecommunications, industrial process control, etc.,
because a fault in these systems can greatly lower user experiences,
and cause huge losses. For instance, in 2021, an intermittent outage
of Amazon Web Services caused over 210 millions in losses [15].

Previous RCA studies [31, 34, 38, 52] have focused primarily
on developing effective offline methods for root cause localiza-
tion. A key component of many data-driven offline RCA algo-
rithms (see Fig. 1), especially the causal discovery based RCA meth-
ods [26, 31, 38], is to learn the causal structure or causal graph that
profiles the causal relations between system entities and system Key
Performance Indicator (KPI) based on historical data, so that the
operators can trace back the root causes based on the built causal
graph. For instance, Ikram et al. [26] utilized historical multivariate
monitoring data to construct causal graphs using the conditional in-
terdependence test, and then applied causal intervention to identify
the root causes of a microservice system.

However, there are three limitations in the traditional offline
causal discovery based RCA workflow (Fig. 1). First, for a new sys-
tem’s faults, we need to retrain/rebuild the model from scratch. Sec-
ond, the causal graph learning component is often time-consuming
and requires a large amount of historical data to train a robust
model. Third, it often requires the operators to manually initiate
the RCA process when they observe a system fault. As a result, it’s
often too late to mitigate any damage or loss caused by a system
fault. These motivate us to ask the following questions: 1) Is it
possible to perform a causal discovery-based RCA task efficiently?
2) How can we identify the root cause as early as possible? 3) Can
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Figure 1: Comparison between a traditional offline RCA

workflow and the proposed CORAL online RCA workflow.

we deploy the RCA algorithm online for the streaming data? 4) If
deployed online, can we avoid the time-consuming retraining of
the RCA model from scratch every time a system fault occurs?

In recent years, a very promising means for learning streaming
data has emerged through the concept of incremental learning
(aka continual learning or lifelong learning) [18]. Such incremental
learning models rely on a compact representation of the already
observed signals or an implicit data representation due to limited
memory resources. In our RCA task, if we can incrementally update
the RCAmodel or causal graph for each batch of the streaming data,
it virtually accelerates the RCA process. More importantly, we don’t
need to wait until the system fault occurs to trigger the RCA process,
or we might even be able to trigger an early RCA to mitigate the
damages and losses. Thus, there exists a vital need for methods that
can incrementally learn the RCA model and automatically trigger
the RCA process.

Enlightened by incremental learning, this paper aims to incre-
mentally update the causal graph from streaming system monitor-
ing data for accurately identifying root causes when a system failure
or fault occurs. Formally, given the initial causal graph learned from
historical data, and the streaming systemmonitoring data including
entity metrics and KPI data, our goal is to automatically initiate the
RCA process when a system fault occurs, incrementally update the
initial causal graph by considering each batch of data sequentially,
and efficiently identify the top 𝐾 nodes (i.e., system entities) in the
updated causal graph that is most relevant to system KPI. There
are two major challenges in this task:

• Challenge 1: Identify the transition points between

system states to initiate root cause analysis. As afore-
mentioned, in traditional RCA, the operators often manually
initiate the root cause procedure after a system fault occurs.
To mitigate the damages or losses, in an online setting, we
need to automatically detect the system state changes caused
by the system fault and trigger the RCA process. The chal-
lenge is how to identify the transition points of system states
early if the fault does not affect the system KPI, but only
affects some root cause system entities at the early stage.

• Challenge 2: Incrementally update the causal graph

model in an efficient manner. After the transition/trigger
points are detected, we can not directly apply the old RCA

model or causal graph to identify the root causes, since the
old causal graph only contains the causal relations learned
from the previous system state data. Although some inherent
system dependencies will never change over time [36] (i.e.,
system state-invariant causation), other causal dependencies
may be highly dependent on the system state (i.e., system
state-dependent causation). The challenge is how to identify
the system state-invariant causation from the old model and
quickly learn the state-dependent causation from the new
batches of data for accelerating causal graph learning.

To address these challenges, in this paper, we propose CORAL, a
novel incremental causal graph learning framework, for online root
cause localization. CORAL consists of three main steps: 1) Trigger
Point Detection; 2) Incremental Disentangled Causal Graph Learn-
ing; and 3) Network Propagation-Based Root Cause Localization. In
particular, the first step of CORAL is to detect the transition points
between system states in real time based on system entity metrics
and KPI data. To detect trigger points with less delay, we develop
an online trigger point detection algorithm based on multivariate
singular spectrum analysis and cumulative sum statistics. These
points are then used to trigger incremental causal graph learn-
ing. Assuming that as the system state transitions, the underlying
causal structure partially changes and evolves over time instead of
shifting abruptly and significantly. Based on this assumption, we
propose an incremental disentangled causal graph learning model
to efficiently learn causal relations by decoupling state-invariant
and state-dependent causations. After that, we apply a random
walk with restarts to model the network propagation of system
faults to accurately identify root causes. The online root cause lo-
calization process terminates for the current system fault when the
learned causal graph and the generated root cause list converge. To
summarize, our main contributions are three-fold:

• Problem: We investigate the novel problem of online root
cause localization. Remarkably, we propose to solve this prob-
lem by automatic trigger point detection and incremental
causal structure learning.

• Algorithms: We propose a principled framework CORAL,
which integrates a new family of disentangled representation
learning (i.e., causal graph disentanglement), online trigger
point detection, and incremental causal discovery.

• Evaluations: We perform extensive experiments on three
real-world datasets to validate the effectiveness of our ap-
proach. The experimental results demonstrate the superior
performance of CORAL over the state-of-the-art methods
on root cause localization.

2 PRELIMINARIES

System Key Performance Indicator (KPI) is a monitoring time
series that indicates the system status. For example, in a microser-
vice system, latency is a KPI to measure the system status. The lower
(higher) a system’s latency is, the better (worse) its performance is.
EntityMetrics are multivariate time series collected bymonitoring
numerous system entities/components. For example, in a microser-
vice system, a system entity can be a physical machine, container,
virtual machine, pod, and so on. The system metrics include CPU
utilization, memory consumption, disk IO utilization, etc. System
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Figure 2: The overview of the proposed framework CORAL. CORAL first detects trigger points using the monitoring entity

metrics and KPI data. If detected, it will initiate incremental causal graph learning. Each data batch is used to incrementally

update the previous causal graph by disentangling the state-invariant and state-dependent causations for RCA. When the

learned causal graph and the root cause list converge, system operators will receive the final root causes for system recovery.

entities with anomalous metrics can be the root causes of abnormal
system latency/connection time, which is a sign of a system fault.
Trigger Point or System State Change Point is the time when
the system transitions from one state to another. Real-world sys-
tems are dynamic. A system fault can cause a change in the system’s
status. As the state of a system varies, the underlying causal rela-
tionships between its components also change. Thus, to effectively
identify root causes in an online setting, it is essential to learn
different causal graphs in different states. From this perspective,
the system state change points can be viewed as the triggers for
updating the causal graph/online RCA model.
Problem Statement. Let X = {X1, · · · ,X𝑁 } denote 𝑁 multivari-
ate metric data. The 𝑖-th metric data is X𝑖 = [x𝑖1, · · · , x

𝑖
𝑇
], where

x𝑖𝑡 ∈ R𝑀 is the observation of 𝑀 system entities at time point 𝑡 .
To reduce notational clutter, we omit the metric index 𝑖 and use
X to represent X𝑖 in the following sections. These observations
are non-stationary, and the relationships between various system
entities are dynamic and subject to change over time. We assume
that the underlying state of the system can change when a sys-
tem fault occurs, and the relationships between system entities
in each state are represented by a directed acyclic graph (DAG).
For simplicity, we illustrate here using the system state transition
from 𝑠𝑝 to 𝑠𝑝+1. The system KPI is y. The monitoring entity metric
data of 𝑠𝑝 is X̃𝑝 ∈ R𝜌×𝑀 , where 𝜌 is the time length in the state
𝑠𝑝 . 𝐺𝑝 represents the causal graph of 𝑠𝑝 , which consists of nodes
representing system KPI or entities, and edges representing causal
relations. The data of state 𝑠𝑝+1 comes one batch at a time, denoted
by X̃𝑝+1 = [X̌1

𝑝+1, · · · , X̌
𝐿
𝑝+1], where the 𝑙-th batch X̌𝑙

𝑝+1 ∈ R𝑏×𝑀
and𝑏 is the length of each batch of data. Our goal is to automatically
trigger the RCA process when a system fault occurs, incrementally
update 𝐺𝑝 to 𝐺𝑝+1 by considering each batch of data sequentially,
and efficiently identify the top 𝐾 nodes in the causal graph 𝐺𝑝+1
that are most relevant to y.

3 METHODOLOGY

Fig. 2 illustrates the overview of the proposed framework CORAL
for online root cause localization.

3.1 Trigger Point Detection

Our goal is to detect the trigger points by integrating both en-
tity metrics and system KPI data. Inspired by [2], we model the
underlying dynamics of system entity metrics and KPI data (i.e.,
multivariate time series observations) through the Multivariate Sin-
gular Spectrum Analysis (MSSA) model. For simplicity, we add the
system KPI, y, as one dimension to the metric data, X, to illustrate
our model.

Specifically, given monitoring metric data X, we first construct
the base matrix, denoted by ZX, by using the previous 𝑇0 records.
The requirement for the initial value of 𝑇0 here is that no system
state transition occurs in the time segment 𝑡 ≤ 𝑇0. The singular
vectors of ZX are then grouped into two matrices Û0 and Û⊥. We
estimate the pre-change subspace L̂0 as follows:

L̂0 = span(Û0) (1)

Meanwhile, let L̂⊥ = span(Û⊥) be the orthogonal complement of
the subspace L̂0. After that, for the new data 𝑡 > 𝑇0, we build the
L-lagged matrix X(𝑡 −𝐿+1 : 𝑡). We compute the Euclidean distance
between the L-lagged matrix and the estimated subspace L̂0 as the
detection score, which can be defined as:

𝐷 (𝑡) =


Û⊤

⊥X(𝑡 − 𝐿 + 1 : 𝑡)


2
𝐹
− 𝑐 (2)

where 𝑐 ≥ 0 is the shift-downwards constant. Moreover, we com-
pute the cumulative detection score using the cumulative sum
(CUSUM) statistics, which can be defined as:

𝑦 (𝑡) = max{𝑦 (𝑡 − 1) + 𝐷 (𝑡), 0} 𝑦 (𝑇0) = 0 (3)

if the 𝑦 (𝑡) = 0, we proceed to check the next time point. Otherwise,
the change point is identifiedwhen𝑦 (𝑡) > ℎ, whereℎ is a predefined
threshold. This process can be defined as:

𝜏 = inf𝑡>𝑇0 {𝑡 |𝑦 (𝑡) ≥ ℎ} (4)

The change point 𝜏 is the trigger for incremental causal graph
learning. To recheck the next change point, the base matrix is
updated with the time segment X(𝜏, 𝜏 + 𝑇0 − 1). This model can
detect trigger points in nearly real-time.
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<latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit>
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<latexit sha1_base64="jXU7Ye83Z8RoJTtCE6iYn7uvBYU=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIYtmIoMeiBz1WsB/Qbks2TdvQbHZJskpZ9n948aCIV/+LN/+N2XYP2vpg4PHeDDPz/EhwbVz321laXlldWy9sFDe3tnd2S3v7DR3GirI6DUWoWj7RTHDJ6oYbwVqRYiTwBWv645vMbz4ypXkoH8wkYl5AhpIPOCXGSt3bXhKd4rSbjM9wWuyVym7FnQItEpyTMuSo9UpfnX5I44BJQwXRuo3dyHgJUYZTwdJiJ9YsInRMhqxtqSQB014yvTpFx1bpo0GobEmDpurviYQEWk8C33YGxIz0vJeJ/3nt2AyuvITLKDZM0tmiQSyQCVEWAepzxagRE0sIVdzeiuiIKEKNDSoLAc+/vEga5xXsVvD9Rbl6ncdRgEM4ghPAcAlVuIMa1IGCgmd4hTfnyXlx3p2PWeuSk88cwB84nz8ft5GZ</latexit><latexit sha1_base64="jXU7Ye83Z8RoJTtCE6iYn7uvBYU=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIYtmIoMeiBz1WsB/Qbks2TdvQbHZJskpZ9n948aCIV/+LN/+N2XYP2vpg4PHeDDPz/EhwbVz321laXlldWy9sFDe3tnd2S3v7DR3GirI6DUWoWj7RTHDJ6oYbwVqRYiTwBWv645vMbz4ypXkoH8wkYl5AhpIPOCXGSt3bXhKd4rSbjM9wWuyVym7FnQItEpyTMuSo9UpfnX5I44BJQwXRuo3dyHgJUYZTwdJiJ9YsInRMhqxtqSQB014yvTpFx1bpo0GobEmDpurviYQEWk8C33YGxIz0vJeJ/3nt2AyuvITLKDZM0tmiQSyQCVEWAepzxagRE0sIVdzeiuiIKEKNDSoLAc+/vEga5xXsVvD9Rbl6ncdRgEM4ghPAcAlVuIMa1IGCgmd4hTfnyXlx3p2PWeuSk88cwB84nz8ft5GZ</latexit><latexit sha1_base64="jXU7Ye83Z8RoJTtCE6iYn7uvBYU=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIYtmIoMeiBz1WsB/Qbks2TdvQbHZJskpZ9n948aCIV/+LN/+N2XYP2vpg4PHeDDPz/EhwbVz321laXlldWy9sFDe3tnd2S3v7DR3GirI6DUWoWj7RTHDJ6oYbwVqRYiTwBWv645vMbz4ypXkoH8wkYl5AhpIPOCXGSt3bXhKd4rSbjM9wWuyVym7FnQItEpyTMuSo9UpfnX5I44BJQwXRuo3dyHgJUYZTwdJiJ9YsInRMhqxtqSQB014yvTpFx1bpo0GobEmDpurviYQEWk8C33YGxIz0vJeJ/3nt2AyuvITLKDZM0tmiQSyQCVEWAepzxagRE0sIVdzeiuiIKEKNDSoLAc+/vEga5xXsVvD9Rbl6ncdRgEM4ghPAcAlVuIMa1IGCgmd4hTfnyXlx3p2PWeuSk88cwB84nz8ft5GZ</latexit><latexit sha1_base64="jXU7Ye83Z8RoJTtCE6iYn7uvBYU=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSIIYtmIoMeiBz1WsB/Qbks2TdvQbHZJskpZ9n948aCIV/+LN/+N2XYP2vpg4PHeDDPz/EhwbVz321laXlldWy9sFDe3tnd2S3v7DR3GirI6DUWoWj7RTHDJ6oYbwVqRYiTwBWv645vMbz4ypXkoH8wkYl5AhpIPOCXGSt3bXhKd4rSbjM9wWuyVym7FnQItEpyTMuSo9UpfnX5I44BJQwXRuo3dyHgJUYZTwdJiJ9YsInRMhqxtqSQB014yvTpFx1bpo0GobEmDpurviYQEWk8C33YGxIz0vJeJ/3nt2AyuvITLKDZM0tmiQSyQCVEWAepzxagRE0sIVdzeiuiIKEKNDSoLAc+/vEga5xXsVvD9Rbl6ncdRgEM4ghPAcAlVuIMa1IGCgmd4hTfnyXlx3p2PWeuSk88cwB84nz8ft5GZ</latexit>
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<latexit sha1_base64="JhHvD7wyIq9q6b7QWVwXIdkDlKc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tba+sbm1Xdup7+7tHxzaR42eSjJJaJckPJGDECvKmaBdzTSng1RSHIec9sPpben3H6lULBEPepZSP8ZjwSJGsDZSYDe8GOtJGOVeiGU+KIogDeym03LmQKvErUgTKnQC+8sbJSSLqdCEY6WGrpNqP8dSM8JpUfcyRVNMpnhMh4YKHFPl5/PsBTozyghFiTRPaDRXf2/kOFZqFodmskyqlr1S/M8bZjq69nMm0kxTQRaHoowjnaCyCDRikhLNZ4ZgIpnJisgES0y0qatuSnCXv7xKehct12m595fN9k1VRw1O4BTOwYUraMMddKALBJ7gGV7hzSqsF+vd+liMrlnVzjH8gfX5A6qClNU=</latexit><latexit sha1_base64="JhHvD7wyIq9q6b7QWVwXIdkDlKc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tba+sbm1Xdup7+7tHxzaR42eSjJJaJckPJGDECvKmaBdzTSng1RSHIec9sPpben3H6lULBEPepZSP8ZjwSJGsDZSYDe8GOtJGOVeiGU+KIogDeym03LmQKvErUgTKnQC+8sbJSSLqdCEY6WGrpNqP8dSM8JpUfcyRVNMpnhMh4YKHFPl5/PsBTozyghFiTRPaDRXf2/kOFZqFodmskyqlr1S/M8bZjq69nMm0kxTQRaHoowjnaCyCDRikhLNZ4ZgIpnJisgES0y0qatuSnCXv7xKehct12m595fN9k1VRw1O4BTOwYUraMMddKALBJ7gGV7hzSqsF+vd+liMrlnVzjH8gfX5A6qClNU=</latexit><latexit sha1_base64="JhHvD7wyIq9q6b7QWVwXIdkDlKc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tba+sbm1Xdup7+7tHxzaR42eSjJJaJckPJGDECvKmaBdzTSng1RSHIec9sPpben3H6lULBEPepZSP8ZjwSJGsDZSYDe8GOtJGOVeiGU+KIogDeym03LmQKvErUgTKnQC+8sbJSSLqdCEY6WGrpNqP8dSM8JpUfcyRVNMpnhMh4YKHFPl5/PsBTozyghFiTRPaDRXf2/kOFZqFodmskyqlr1S/M8bZjq69nMm0kxTQRaHoowjnaCyCDRikhLNZ4ZgIpnJisgES0y0qatuSnCXv7xKehct12m595fN9k1VRw1O4BTOwYUraMMddKALBJ7gGV7hzSqsF+vd+liMrlnVzjH8gfX5A6qClNU=</latexit><latexit sha1_base64="JhHvD7wyIq9q6b7QWVwXIdkDlKc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIuiy6cVnBPqAJYTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEKWdKO863tba+sbm1Xdup7+7tHxzaR42eSjJJaJckPJGDECvKmaBdzTSng1RSHIec9sPpben3H6lULBEPepZSP8ZjwSJGsDZSYDe8GOtJGOVeiGU+KIogDeym03LmQKvErUgTKnQC+8sbJSSLqdCEY6WGrpNqP8dSM8JpUfcyRVNMpnhMh4YKHFPl5/PsBTozyghFiTRPaDRXf2/kOFZqFodmskyqlr1S/M8bZjq69nMm0kxTQRaHoowjnaCyCDRikhLNZ4ZgIpnJisgES0y0qatuSnCXv7xKehct12m595fN9k1VRw1O4BTOwYUraMMddKALBJ7gGV7hzSqsF+vd+liMrlnVzjH8gfX5A6qClNU=</latexit>

X̄k
p+1

<latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit>
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<latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit><latexit sha1_base64="kxR0OvpkjfRPKJzXGRmGDfs/WcA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiCEJJRNBl0Y3LCvYBTQyT6aQdOnkwMxFKiBt/xY0LRdz6F+78GydtFtp64MLhnHu59x4/4Uwqy/o2KkvLK6tr1fXaxubW9o65u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX98XfjdByoki6M7NUmoG+JhxAJGsNKSZx44IVYjP8gcH4usl+f3Yy9LTu3cM+tWw5oCLRK7JHUo0fLML2cQkzSkkSIcS9m3rUS5GRaKEU7zmpNKmmAyxkPa1zTCIZVuNv0gR8daGaAgFroihabq74kMh1JOQl93FvfKea8Q//P6qQou3YxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpNh2DPv7xIOmcN22rYt+f15lUZRxUO4QhOwIYLaMINtKANBB7hGV7hzXgyXox342PWWjHKmX34A+PzB+/rly4=</latexit>
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<latexit sha1_base64="9qNSsISvKjnKKFb4lX2Am/4XD3A=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cV7AOaECaTm3bo5MHMRKgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45fsqZVJb1bdRWVtfWN+qbja3tnd09c/+gJ5NMUOjShCdi4BMJnMXQVUxxGKQCSORz6PuTm9LvP4CQLInv1TQFNyKjmIWMEqUlzzxyIqLGfpg7ivEA8kFReKlnNq2WNQNeJnZFmqhCxzO/nCChWQSxopxIObStVLk5EYpRDkXDySSkhE7ICIaaxiQC6eaz9AU+1UqAw0ToFys8U39v5CSSchr5erLMKhe9UvzPG2YqvHJzFqeZgpjOD4UZxyrBZRU4YAKo4lNNCBVMZ8V0TAShShfW0CXYi19eJr3zlm217LuLZvu6qqOOjtEJOkM2ukRtdIs6qIsoekTP6BW9GU/Gi/FufMxHa0a1c4j+wPj8AVN6lcY=</latexit><latexit sha1_base64="9qNSsISvKjnKKFb4lX2Am/4XD3A=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cV7AOaECaTm3bo5MHMRKgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45fsqZVJb1bdRWVtfWN+qbja3tnd09c/+gJ5NMUOjShCdi4BMJnMXQVUxxGKQCSORz6PuTm9LvP4CQLInv1TQFNyKjmIWMEqUlzzxyIqLGfpg7ivEA8kFReKlnNq2WNQNeJnZFmqhCxzO/nCChWQSxopxIObStVLk5EYpRDkXDySSkhE7ICIaaxiQC6eaz9AU+1UqAw0ToFys8U39v5CSSchr5erLMKhe9UvzPG2YqvHJzFqeZgpjOD4UZxyrBZRU4YAKo4lNNCBVMZ8V0TAShShfW0CXYi19eJr3zlm217LuLZvu6qqOOjtEJOkM2ukRtdIs6qIsoekTP6BW9GU/Gi/FufMxHa0a1c4j+wPj8AVN6lcY=</latexit><latexit sha1_base64="9qNSsISvKjnKKFb4lX2Am/4XD3A=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cV7AOaECaTm3bo5MHMRKgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45fsqZVJb1bdRWVtfWN+qbja3tnd09c/+gJ5NMUOjShCdi4BMJnMXQVUxxGKQCSORz6PuTm9LvP4CQLInv1TQFNyKjmIWMEqUlzzxyIqLGfpg7ivEA8kFReKlnNq2WNQNeJnZFmqhCxzO/nCChWQSxopxIObStVLk5EYpRDkXDySSkhE7ICIaaxiQC6eaz9AU+1UqAw0ToFys8U39v5CSSchr5erLMKhe9UvzPG2YqvHJzFqeZgpjOD4UZxyrBZRU4YAKo4lNNCBVMZ8V0TAShShfW0CXYi19eJr3zlm217LuLZvu6qqOOjtEJOkM2ukRtdIs6qIsoekTP6BW9GU/Gi/FufMxHa0a1c4j+wPj8AVN6lcY=</latexit><latexit sha1_base64="9qNSsISvKjnKKFb4lX2Am/4XD3A=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoMuiG5cV7AOaECaTm3bo5MHMRKgh+CtuXCji1v9w5984abPQ1gMDh3Pu5Z45fsqZVJb1bdRWVtfWN+qbja3tnd09c/+gJ5NMUOjShCdi4BMJnMXQVUxxGKQCSORz6PuTm9LvP4CQLInv1TQFNyKjmIWMEqUlzzxyIqLGfpg7ivEA8kFReKlnNq2WNQNeJnZFmqhCxzO/nCChWQSxopxIObStVLk5EYpRDkXDySSkhE7ICIaaxiQC6eaz9AU+1UqAw0ToFys8U39v5CSSchr5erLMKhe9UvzPG2YqvHJzFqeZgpjOD4UZxyrBZRU4YAKo4lNNCBVMZ8V0TAShShfW0CXYi19eJr3zlm217LuLZvu6qqOOjtEJOkM2ukRtdIs6qIsoekTP6BW9GU/Gi/FufMxHa0a1c4j+wPj8AVN6lcY=</latexit>

X̌k
p+1

<latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit>

Batch k 
Data

X̌k
p+1

<latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit><latexit sha1_base64="p7XL6iVUZ1UhqH4KPWeo3tWx6cw=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCIJREBD0WvXisYD+giWGz3bRLN5uwuxFKCHjxr3jxoIhX/4Q3/42bNgdtfTDweG+GmXlBwqhUtv1tVJaWV1bXquu1jc2t7R1zd68j41Rg0sYxi0UvQJIwyklbUcVILxEERQEj3WB8XfjdByIkjfmdmiTEi9CQ05BipLTkmwduhNQoCDMXjwgeZ70897Pk1Mnvx75Ztxv2FNYicUpShxIt3/xyBzFOI8IVZkjKvmMnysuQUBQzktfcVJIE4TEakr6mHEVEetn0h9w61srACmOhiytrqv6eyFAk5SQKdGdxsZz3CvE/r5+q8NLLKE9SRTieLQpTZqnYKgKxBlQQrNhEE4QF1bdaeIQEwkrHVtMhOPMvL5LOWcOxG87teb15VcZRhUM4ghNw4AKacAMtaAOGR3iGV3gznowX4934mLVWjHJmH/7A+PwBfiOYCw==</latexit>
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Ẑk
p+1

<latexit sha1_base64="3yUF9bZqt2DlTr3cAW1XgbAeUNs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEQSiJCHZZcOOygn1gE8NkOmmHTh7MTIQS4sZfceNCEbf+hTv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++KvzuAxWSxdGtmiTUDfEwYgEjWGnJMw+dEKuRH2TOCKvsLs+9LDmz8/uxZ9asujUFWiR2SWpQouWZX84gJmlII0U4lrJvW4lyMywUI5zmVSeVNMFkjIe0r2mEQyrdbPpBjk60MkBBLHRFCk3V3xMZDqWchL7uLO6V814h/uf1UxU03IxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpVh2DPv7xIOud126rbNxe1ZqOMowJHcAynYMMlNOEaWtAGAo/wDK/wZjwZL8a78TFrXTLKmQP4A+PzB/whly4=</latexit><latexit sha1_base64="3yUF9bZqt2DlTr3cAW1XgbAeUNs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEQSiJCHZZcOOygn1gE8NkOmmHTh7MTIQS4sZfceNCEbf+hTv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++KvzuAxWSxdGtmiTUDfEwYgEjWGnJMw+dEKuRH2TOCKvsLs+9LDmz8/uxZ9asujUFWiR2SWpQouWZX84gJmlII0U4lrJvW4lyMywUI5zmVSeVNMFkjIe0r2mEQyrdbPpBjk60MkBBLHRFCk3V3xMZDqWchL7uLO6V814h/uf1UxU03IxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpVh2DPv7xIOud126rbNxe1ZqOMowJHcAynYMMlNOEaWtAGAo/wDK/wZjwZL8a78TFrXTLKmQP4A+PzB/whly4=</latexit><latexit sha1_base64="3yUF9bZqt2DlTr3cAW1XgbAeUNs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEQSiJCHZZcOOygn1gE8NkOmmHTh7MTIQS4sZfceNCEbf+hTv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++KvzuAxWSxdGtmiTUDfEwYgEjWGnJMw+dEKuRH2TOCKvsLs+9LDmz8/uxZ9asujUFWiR2SWpQouWZX84gJmlII0U4lrJvW4lyMywUI5zmVSeVNMFkjIe0r2mEQyrdbPpBjk60MkBBLHRFCk3V3xMZDqWchL7uLO6V814h/uf1UxU03IxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpVh2DPv7xIOud126rbNxe1ZqOMowJHcAynYMMlNOEaWtAGAo/wDK/wZjwZL8a78TFrXTLKmQP4A+PzB/whly4=</latexit><latexit sha1_base64="3yUF9bZqt2DlTr3cAW1XgbAeUNs=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEQSiJCHZZcOOygn1gE8NkOmmHTh7MTIQS4sZfceNCEbf+hTv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++KvzuAxWSxdGtmiTUDfEwYgEjWGnJMw+dEKuRH2TOCKvsLs+9LDmz8/uxZ9asujUFWiR2SWpQouWZX84gJmlII0U4lrJvW4lyMywUI5zmVSeVNMFkjIe0r2mEQyrdbPpBjk60MkBBLHRFCk3V3xMZDqWchL7uLO6V814h/uf1UxU03IxFSapoRGaLgpQjFaMiDjRgghLFJ5pgIpi+FZERFpgoHVpVh2DPv7xIOud126rbNxe1ZqOMowJHcAynYMMlNOEaWtAGAo/wDK/wZjwZL8a78TFrXTLKmQP4A+PzB/whly4=</latexit>

Žk
p+1

<latexit sha1_base64="rq15eyVBGcIcvmQyXJOxURLvbGU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEsMuCG5cV7AObGCbTm3bo5MHMRCgh4MZfceNCEbf+hDv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBUU2jTmsej5RAJnEbQVUxx6iQAS+hy6/viq8LsPICSLo1s1ScANyTBiAaNEackzD52QqJEfZA4dAR1nd3nuZcmZnd+PPbNm1a0p8CKxS1JDJVqe+eUMYpqGECnKiZR920qUmxGhGOWQV51UQkLomAyhr2lEQpBuNv0hxydaGeAgFroihafq74mMhFJOQl93FhfLea8Q//P6qQoabsaiJFUQ0dmiIOVYxbgIBA+YAKr4RBNCBdO3YjoiglClY6vqEOz5lxdJ57xuW3X75qLWbJRxVNAROkanyEaXqImuUQu1EUWP6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8Afj2YAw==</latexit><latexit sha1_base64="rq15eyVBGcIcvmQyXJOxURLvbGU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEsMuCG5cV7AObGCbTm3bo5MHMRCgh4MZfceNCEbf+hDv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBUU2jTmsej5RAJnEbQVUxx6iQAS+hy6/viq8LsPICSLo1s1ScANyTBiAaNEackzD52QqJEfZA4dAR1nd3nuZcmZnd+PPbNm1a0p8CKxS1JDJVqe+eUMYpqGECnKiZR920qUmxGhGOWQV51UQkLomAyhr2lEQpBuNv0hxydaGeAgFroihafq74mMhFJOQl93FhfLea8Q//P6qQoabsaiJFUQ0dmiIOVYxbgIBA+YAKr4RBNCBdO3YjoiglClY6vqEOz5lxdJ57xuW3X75qLWbJRxVNAROkanyEaXqImuUQu1EUWP6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8Afj2YAw==</latexit><latexit sha1_base64="rq15eyVBGcIcvmQyXJOxURLvbGU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEsMuCG5cV7AObGCbTm3bo5MHMRCgh4MZfceNCEbf+hDv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBUU2jTmsej5RAJnEbQVUxx6iQAS+hy6/viq8LsPICSLo1s1ScANyTBiAaNEackzD52QqJEfZA4dAR1nd3nuZcmZnd+PPbNm1a0p8CKxS1JDJVqe+eUMYpqGECnKiZR920qUmxGhGOWQV51UQkLomAyhr2lEQpBuNv0hxydaGeAgFroihafq74mMhFJOQl93FhfLea8Q//P6qQoabsaiJFUQ0dmiIOVYxbgIBA+YAKr4RBNCBdO3YjoiglClY6vqEOz5lxdJ57xuW3X75qLWbJRxVNAROkanyEaXqImuUQu1EUWP6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8Afj2YAw==</latexit><latexit sha1_base64="rq15eyVBGcIcvmQyXJOxURLvbGU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQklEsMuCG5cV7AObGCbTm3bo5MHMRCgh4MZfceNCEbf+hDv/xkmbhbYeuHA4517uvcdPOJPKsr6NpeWV1bX1ykZ1c2t7Z9fc2+/IOBUU2jTmsej5RAJnEbQVUxx6iQAS+hy6/viq8LsPICSLo1s1ScANyTBiAaNEackzD52QqJEfZA4dAR1nd3nuZcmZnd+PPbNm1a0p8CKxS1JDJVqe+eUMYpqGECnKiZR920qUmxGhGOWQV51UQkLomAyhr2lEQpBuNv0hxydaGeAgFroihafq74mMhFJOQl93FhfLea8Q//P6qQoabsaiJFUQ0dmiIOVYxbgIBA+YAKr4RBNCBdO3YjoiglClY6vqEOz5lxdJ57xuW3X75qLWbJRxVNAROkanyEaXqImuUQu1EUWP6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8Afj2YAw==</latexit>

Ĝk
p+1

<latexit sha1_base64="+aTm1mU2QWxz5/3mw9WlYqOegSM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJREBHsseNBjBfsBbQyb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dRYMx1tlN7mfJuZs/ZJPct2tO3ZkDrRK3IDUo0PLtr8EwJmlEhSYcK9V3nUR7GZaaEU7zyiBVNMFkgke0b6jAEVVeNr89R6dGGaIwlqaERnP190SGI6WmUWA6I6zHatmbif95/VSHDS9jIkk1FWSxKEw50jGaBYGGTFKi+dQQTCQztyIyxhITbeKqmBDc5ZdXSeei7jp19+6y1mwUcZThGE7gDFy4gibcQgvaQOAJnuEV3qzcerHerY9Fa8kqZo7gD6zPH7dSlDE=</latexit><latexit sha1_base64="+aTm1mU2QWxz5/3mw9WlYqOegSM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJREBHsseNBjBfsBbQyb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dRYMx1tlN7mfJuZs/ZJPct2tO3ZkDrRK3IDUo0PLtr8EwJmlEhSYcK9V3nUR7GZaaEU7zyiBVNMFkgke0b6jAEVVeNr89R6dGGaIwlqaERnP190SGI6WmUWA6I6zHatmbif95/VSHDS9jIkk1FWSxKEw50jGaBYGGTFKi+dQQTCQztyIyxhITbeKqmBDc5ZdXSeei7jp19+6y1mwUcZThGE7gDFy4gibcQgvaQOAJnuEV3qzcerHerY9Fa8kqZo7gD6zPH7dSlDE=</latexit><latexit sha1_base64="+aTm1mU2QWxz5/3mw9WlYqOegSM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJREBHsseNBjBfsBbQyb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dRYMx1tlN7mfJuZs/ZJPct2tO3ZkDrRK3IDUo0PLtr8EwJmlEhSYcK9V3nUR7GZaaEU7zyiBVNMFkgke0b6jAEVVeNr89R6dGGaIwlqaERnP190SGI6WmUWA6I6zHatmbif95/VSHDS9jIkk1FWSxKEw50jGaBYGGTFKi+dQQTCQztyIyxhITbeKqmBDc5ZdXSeei7jp19+6y1mwUcZThGE7gDFy4gibcQgvaQOAJnuEV3qzcerHerY9Fa8kqZo7gD6zPH7dSlDE=</latexit><latexit sha1_base64="+aTm1mU2QWxz5/3mw9WlYqOegSM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCIJREBHsseNBjBfsBbQyb7aZdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpbX1jc6u8XdnZ3ds/sA+rHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ332kUrFY3OtpQr0IjwQLGcHaSL5dRYMx1tlN7mfJuZs/ZJPct2tO3ZkDrRK3IDUo0PLtr8EwJmlEhSYcK9V3nUR7GZaaEU7zyiBVNMFkgke0b6jAEVVeNr89R6dGGaIwlqaERnP190SGI6WmUWA6I6zHatmbif95/VSHDS9jIkk1FWSxKEw50jGaBYGGTFKi+dQQTCQztyIyxhITbeKqmBDc5ZdXSeei7jp19+6y1mwUcZThGE7gDFy4gibcQgvaQOAJnuEV3qzcerHerY9Fa8kqZo7gD6zPH7dSlDE=</latexit>
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Figure 3: Incremental Disentangled Causal Graph Learning. The system state encoder aims to decouple state-invariant and

state-dependent information in order to produce corresponding embeddings. State-invariant and state-dependent decoders aim

to reconstruct and refine state-invariant and state-dependent causal relations, respectively. The causal graph fusion module

aims to fuse state-invariant and state-dependent causation in order to obtain the new causal graph.

3.2 Incremental Disentangled Causal Graph

Learning

After a trigger point is detected, we propose a disentangled causal
graph learning model by integrating state invariant and state-
dependent information, as well as incremental learning.
System State Encoder. The goal of the system state encoder is
to aggregate the information from system state data and the corre-
sponding causal graph. We use the 𝑘-th batch data to illustrate our
design. For simplicity, we assume that the previous state data X̃𝑝
and the batch of new state data X̌𝑘

𝑝+1 both have the system KPI y
as one dimension.

Given X̃𝑝 , X̌𝑘
𝑝+1 and the causal graph at the 𝑘 − 1 batch 𝐺𝑘−1

𝑝+1 ,
we aim to integrate their information into state-invariant and
state-dependent embeddings, respectively. First, we employ a fully-
connected linear layer to preserve the information of X̃𝑝 into a
latent representation U𝑝 , which can be defined as:

U𝑝 = X̃𝑝 · W𝑝 + b𝑝 (5)

where W𝑝 and b𝑝 are the weight matrix and bias item of the linear
layer, respectively.

Then, to track the information change in the state 𝑝 + 1’s data
batch, we employ a recurrent function 𝑓 (·, ·). The function 𝑓 (·, ·)
takes X̌𝑘

𝑝+1 and the previous hidden state H𝑘−1
𝑝+1 as inputs and out-

puts a latent representation H𝑘
𝑝+1, which is defined as:

H𝑘𝑝+1 = 𝑓 (X̌𝑘𝑝+1,H
𝑘−1
𝑝+1 ) (6)

We use a long short-term memory network (LSTM) [23] to imple-
ment 𝑓 (·, ·). Due to the computational overhead, we do not use the
passed batch of data to update the new causal graph. Thus, it is
effective to track the causal dynamics using the LSTM module.

In addition, because state-invariant causal relations would be
affected by both the previous state data and the new batch of data,
whereas state-dependent causal relations are only affected by the
new batch of data, to obtain the state-invariant embedding Ẑ𝑘

𝑝+1,
we first concatenate U𝑝 and H𝑘

𝑝+1 together, and then map it to the

causal graph 𝐺𝑘−1
𝑝+1 as the node embeddings. After that, we employ

the mapping function 𝑔(·, ·) to convert the attributed graph into
the state-invariant embedding, which is defined as:

Ẑ𝑘𝑝+1 = 𝑔(A𝑘−1
𝑝+1 ,Concat(U𝑝 ,H

𝑘
𝑝+1)) (7)

where A𝑘−1
𝑝+1 represents the adjacency matrix of 𝐺𝑘−1

𝑝+1 and Con-
cat represents the concatenated operation. to implement the func-
tion 𝑔(.), we employ a variational graph autoencoder (VGAE) [29].
VGAE embeds all information into an embedding space that is
smooth and continuous. This is helpful for capturing the causal
dynamics between different system entities. To obtain the state-
dependent embedding Ž𝑘

𝑝+1, we only map H𝑘
𝑝+1 to 𝐺𝑘−1

𝑝+1 as its
attributes, and then employ another VGAE layer to convert the
attributed graph to the state-dependent embedding. This process
can be defined as:

Ž𝑘𝑝+1 = 𝑔(A𝑘−1
𝑝+1 ,H

𝑘
𝑝+1) (8)

State-Invariant Decoder. The goal of the state-invariant decoder
is to learn the invariant causal relations across two system states.
To recover the state-invariant part, we first feed Ẑ𝑘

𝑝+1 into the graph
generator layer to generate the corresponding state-invariant graph
𝐺𝑘
𝑝+1, which is defined as:

𝐺𝑘𝑝+1 = Sigmoid(Ẑ𝑘𝑝+1 · Ẑ𝑘
⊤
𝑝+1) (9)

where Sigmoid is an activation function and (.)⊤ is a transpose
operation. But since this process constructs the graph using the
state-invariant embeddings only, it can’t guarantee that the state-
invariant causal relationships are shown accurately in this graph.
To overcome this issue, two optimization objectives must be met: 1)
Making𝐺𝑘

𝑝+1 as similar to the previous causal graph𝐺𝑘−1
𝑝+1 as possi-

ble. 2) Fitting𝐺𝑘
𝑝+1 to both the previous and new state data batches.

To achieve the first objective, we minimize the reconstruction loss
L
𝐺̂
, which is defined as:

L
𝐺̂
=




Â𝑘𝑝+1 − A𝑘−1
𝑝+1




2
(10)
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where Â𝑘
𝑝+1 and A𝑘−1

𝑝+1 are the adjacency matrices of𝐺𝑘
𝑝+1 and𝐺

𝑘−1
𝑝+1 ,

respectively. To achieve the second objective, we fit the graph and
data with a structural vector autoregressive (SVAR) model [41].
More specifically, given the time-lagged data of the previous state
X̄𝑝 and the current new batch X̄𝑘

𝑝+1, the SVAR-based predictive
equations can be defined as:{

X̃𝑝 = X̃𝑝 · Â𝑘
𝑝+1 + X̄𝑝 · D̂𝑘

𝑝+1 + 𝜖𝑝
X̌𝑘
𝑝+1 = X̌𝑘

𝑝+1 · Â𝑘
𝑝+1 + X̄𝑘

𝑝+1 · D̂𝑘
𝑝+1 + 𝜖

𝑘
𝑝+1

(11)

where 𝜖𝑝 and 𝜖𝑘
𝑝+1 are vectors of centered error variables; Â𝑘

𝑝+1 is
used to capture causal relations among system entities; and the
weight matrix D̂𝑘

𝑝+1 is used tomodel the contribution of time-lagged
data for the predictive task. Â𝑘

𝑝+1 and D̂𝑘
𝑝+1 are used to predict both

the past state data and the current batch of data. To ensure the
accuracy of learned causal structures, we minimize two predictive
errors L𝑝̃ and L𝑝 , which are defined as:

L𝑝̃ =




X̃𝑝 − (X̃𝑝 · Â𝑘
𝑝+1 + X̄𝑝 · D̂𝑘

𝑝+1)



2

L𝑝 =




X̌𝑘𝑝+1 − (X̌𝑘
𝑝+1 · Â𝑘

𝑝+1 + X̄𝑘
𝑝+1 · D̂𝑘

𝑝+1)



2 (12)

State-Dependent Decoder The goal of the state-dependent de-
coder is to learn the new causal relations introduced by the new
batch of data. Similar to the learning process of the state-invariant
decoder, we first generate the state-dependent graph 𝐺𝑘

𝑝+1 by ap-
plying the same strategy on the embedding Ž𝑘

𝑝+1, which is defined
as:

𝐺𝑘𝑝+1 = Sigmoid(Ž𝑘𝑝+1 · Ž𝑘
⊤
𝑝+1) (13)

To ensure the causal graph 𝐺𝑘
𝑝+1 is brought by the new batch of

data X̌𝑘
𝑝+1, two optimization objectives must be met: 1) Making

𝐺𝑘
𝑝+1 as similar to the complement of the previous causal graph as

possible; 2) Fitting 𝐺𝑘
𝑝+1 to the new batch of data. To achieve the

first objective, we minimize the reconstruction loss L
𝐺̌
, which is

defined as:
L
𝐺̌
=




Ǎ𝑘𝑝+1 − (∼ A𝑘−1
𝑝+1 )




2
(14)

where (∼ A𝑘−1
𝑝+1 ) refers to the inversion of each element in the

adjacency matrix A𝑘−1
𝑝+1 and Ǎ𝑘

𝑝+1 is the adjacency matrix of 𝐺𝑘
𝑝+1.

To achieve the second objective, we define a predictive equation
using SVAR:

Y̌𝑘𝑝+1 = X̌𝑘𝑝+1 · Ǎ𝑘𝑝+1 + X̄𝑘𝑝+1 · Ď𝑘𝑝+1 + 𝜖 (15)

where Ǎ𝑘
𝑝+1 captures the new causal relations introduced by the

new data batch X̌𝑘
𝑝+1; and Ď𝑘

𝑝+1 is to model the contribution of
time-lagged data for prediction. To ensure the accuracy of learned
causal structures, we minimize the predictive error L𝑝 , which is
defined as:

L𝑝 =




X̌𝑘𝑝+1 − (X̌𝑘𝑝+1 · Ǎ𝑘𝑝+1 + X̄𝑘𝑝+1 · Ď𝑘𝑝+1)



2

(16)

Causal Graph Fusion. From the state-invariant decoder and state-
dependent decoder, we can obtain the state-invariant causal graph
𝐺𝑘
𝑝+1 and the state-dependent causal graph 𝐺𝑘

𝑝+1, respectively. To
generate the causal graph𝐺𝑘

𝑝+1 for the current batch of data, simple

addition will not work because it may result in dense and cyclical
graphs. Here, we propose a new graph fusion layer to fuse the two
causal graphs, which can be formulated as follows:

A𝑘𝑝+1 = RELU(tanh(Â𝑘𝑝+1 · Ǎ𝑘
⊤
𝑝+1 − Ǎ𝑘𝑝+1 · Â𝑘

⊤
𝑝+1)) (17)

where A𝑘
𝑝+1 is the adjacency matrix of 𝐺𝑘

𝑝+1. The subtraction term,
tanh, and RELU activation functions may regularize the adjacency
matrix so that if the element in A𝑘

𝑝+1 is positive, its diagonal coun-
terpart element will be zero. To strictly force the 𝐺𝑘

𝑝+1 to be uni-
directional and acyclic, we adopt the following exponential trace
function as constraints inspired by [56]:

ℎ(A𝑘𝑝+1) = 𝑡𝑟 (𝑒
A𝑘
𝑝+1◦A𝑘

𝑝+1 ) −𝑀 (18)

where ◦ is the Hadamard product of two matrices and𝑀 is the num-
ber of nodes (i.e., system entities). This function satisfies ℎ(A𝑘

𝑝+1) =
0 if and only if A𝑘

𝑝+1 is acyclic.
Optimization. To generate a robust casual graph for the new data
batch, we jointly optimize all the preceding loss functions. Thus,
the final optimization objective is defined as:

L = L
𝐺̂
+ L

𝐺̌
+ L𝑝̃ + L𝑝 + L𝑝

+ 𝜆1 · (



Â𝑘𝑝+1





1
+



Ǎ𝑘𝑝+1





1
) + 𝜆2 · ℎ(A𝑘𝑝+1)

(19)

where ∥·∥1 is the 𝐿1-norm, which is used to increase the sparsity of
𝐺𝑘
𝑝+1 and 𝐺𝑘

𝑝+1to reduce the computational cost; 𝜆1 and 𝜆2 control
the penalized degree of regularization items.
Model Convergence. The discovered causal structure and the
associated root cause list may gradually converge as the number of
new data batches increases. So we incorporate them as an indicator
to automatically terminate the online RCA to avoid unnecessary
computing resource waste. Assume two consecutive causal graphs
are 𝐺𝐾−1

𝑝+1 , 𝐺𝐾
𝑝+1, and the associated root cause lists are l𝐾−1

𝑝+1 , l𝐾
𝑝+1.

The node set of the two causal graphs is fixed. The edge dis-
tribution should be comparable when the causal graph converges.
Thus, we define the graph similarity 𝜍𝐺 using the Jensen-Shannon
divergence [17] as follows:

𝜍𝐺 = 1 − JS(𝑃 (𝐺𝐾−1
𝑝+1 ) | |𝑃 (𝐺𝐾𝑝+1)) (20)

where 𝑃 (.) refers to the edge distribution of the corresponding
graph. 𝜍𝐺 has a value range of [0 ∼ 1]. The greater the value of 𝜍𝐺
is, the closer the two graphs are.

We use the rank-biased overlap metric [55] (RBO) to calculate
the similarity between two root cause lists in order to fully account
for the changing trend of root cause rank. The ranked list similarity
𝜍l is defined as:

𝜍l = 𝑅𝐵𝑂 (l𝐾−1
𝑝+1 , l

𝐾
𝑝+1) (21)

𝜍l has a value range of [0 ∼ 1]. The greater the value of 𝜍l is, the
more similar the two root cause lists are. We use a hyperparameter
𝛼 ∈ [0 ∼ 1] to integrate 𝜍𝐺 and 𝜍l, defined as:

𝜍 = 𝛼 · 𝜍𝐺 + (1 − 𝛼) · 𝜍l (22)

The online RCA process may stop when 𝜍 is more than a threshold.
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3.3 Network Propagation based Root Cause

Localization

After obtaining the causal graph𝐺𝑘
𝑝+1, there are two kinds of nodes:

system entities and KPI in the graph. However, the system entities
linked to the KPI may not always be the root causes. This is be-
cause the malfunctioning effects will spread to neighboring entities
starting from the root causes [11, 13, 33]. We present a random
walk-based method for capturing such patterns and more precisely
locating root causes. For simplicity, in this subsection, we directly
use 𝐺 to represent 𝐺𝑘

𝑝+1. To trace back the root causes, we first
transpose the learned causal graph to get𝐺⊤, then adopt a random
walk with restarts on the transposed causal graph to estimate the
probability score of each entity by starting from the KPI node.

Specifically, we assume that the transition probabilities of a
particle on the transposed structuremay be represented byH, which
has the same shape as the adjacency matrix of 𝐺⊤. Each element
in H indicates the transition probability between any two nodes.
Imagine that from the KPI node, a particle begins to visit the causal
structure. It jumps to any one node with a probability value 𝜙 ∈
[0, 1] or stays at the original position with 1 − 𝜙 . The higher the
value of 𝜙 is, the more possible the jumping behavior happens.
Specifically, if the particle moves from node 𝑖 to node 𝑗 , the moving
probability in 𝐻 should be updated by:

H[𝑖, 𝑗] = (1 − 𝜙)A⊤ [𝑖, 𝑗]/
𝑀∑︁
𝜅=1

A⊤ [𝑖, 𝜅] (23)

where A⊤ is the adjacency matrix of𝐺⊤. During the visiting explo-
ration process, we may restart from the KPI node to revisit other
entities with the probability 𝜑 ∈ [0, 1]. Thus, the visiting proba-
bility transition equation of the random walk with restarts can be
formulated as:

q𝜏+1 = (1 − 𝜑) · q𝜏 + 𝜑 · q𝜉 (24)
where q𝜏 and q𝜏+1 are the visiting probability distributions at the
𝜏 and 𝜏 + 1 steps, respectively. q𝜉 is the initial visiting probability
distribution at the initial step. When the visiting probability distri-
bution converges, the probability scores of the nodes are used as
their causal scores to rank them. The top-𝐾 ranked nodes are the
most likely root causes of the associated system fault.

4 EXPERIMENTS

4.1 Experimental Setup

4.1.1 Datasets. We conducted extensive experiments on three real-
world datasets: 1) AIOps: was collected from a real micro-service
system that consists of 5 servers with 234 pods. From May 2021
to December 2021, the operators collected metric data (e.g., CPU
utilization or memory consumption) of all system entities. During
this time period, there are 5 system faults. 2) SWaT [37]: was
collected over an 11-day period from a water treatment testbed
that was equipped with 51 sensors. The system had been operating
normally for the first 7 days before being attacked in the last 4 days.
There are 16 system faults in the collection period. 3)WADI [1]: was
collected from a water treatment testbed over the operation of 16
days. The testbed consists of 123 sensors/actuators. The system had
been operating normally for the first 14 days before being attacked
in the last 2 days. There are 15 system faults in the collection period.

4.1.2 Evaluation Metrics. We compared CORAL with the following
four widely-used metrics [20, 34, 38]: 1) Precision@K (PR@K). It
denotes the probability that the top-𝐾 predicted root causes are real,
defined as: PR@K = 1

|A |
∑
𝑎∈A

∑
𝑖<𝐾 𝑅𝑎 (𝑖 ) ∈𝑉𝑎
𝑚𝑖𝑛 (𝐾, |𝑉𝑎 | ) , where A is the set of

system faults; 𝑎 is one fault inA;𝑉𝑎 is the real root causes of 𝑎; 𝑅𝑎 is
the predicted root causes of 𝑎; and 𝑖 refers to the 𝑖-th predicted cause
of 𝑅𝑎 . 2) Mean Average Precision@K (MAP@K). It assesses the
model performance in the top-𝐾 predicted causes from the over-
all perspective, defined as: MAP@K = 1

𝐾 |A |
∑
𝑎∈A

∑
1≤ 𝑗≤𝐾 PR@j,

where a higher value indicates better performance. 3)Mean Recip-

rocal Rank (MRR). This metric measures the ranking capability of
models. The larger theMRR value is, the further ahead the predicted
positions of the root causes are; thus, operators can find the real
root causes more easily. MRR is defined as: MRR = 1

A

∑
𝑎∈A

1
𝑟𝑎𝑛𝑘𝑅𝑎

,

where 𝑟𝑎𝑛𝑘𝑅𝑎 is the rank number of the first correctly predicted
root cause for system fault 𝑎. 4) Ranking Percentile (RP). Since
CORAL is an online root cause localization framework, we expect
the ranks of ground-truth root causes to rise as the learning process
progresses. Here, we propose the ranking percentile to evaluate the
learning process, defined as: RP = (1 − 𝑟𝑎𝑛𝑘𝑅𝑎

𝑁
) × 100%, s.t. 𝑎 ∈

A, where 𝑁 is the total number of nodes (i.e., system entities).

4.1.3 Baselines. We compared CORAL with the following five
causal discovery models: 1) NOTEARS [56] formulates the struc-
ture learning problem as a purely continuous constrained optimiza-
tion problem over real matrices to increase learning efficiency. 2)
GOLEM [40] employs a likelihood-based score function to relax
the hard DAG constraint in NOTEARS. 3) Dynotears [41] is a
score-based method that uses the structural vector autoregression
model to construct dynamic Bayesian networks. 4) PC [47] is a clas-
sic constraint-based method. It first identifies the skeleton of the
causal graph with the independence test, then generates the orien-
tation direction using the v-structure and acyclicity constraints. 5)
C-LSTM [50] captures the nonlinear Granger causality that existed
in multivariate time series by using LSTM neural networks.

All these models can only learn the causal structure from time
series data offline. Thus, we first collect monitoring data from the
beginning until system failures occur as historical records. Then,
based on the collected records, we apply the causal discoverymodels
to learn causal graphs and leverage network propagation on such
graphs to identify the top 𝐾 nodes as the root causes. Besides, since
CORAL is an online RCA framework, we extend NOTEARS and
GOLEM to the online learning setting, denoted by NOTEARS

∗

and GOLEM
∗, respectively, for a fair comparison1. For the online

setting, we collect monitoring data before the first trigger point
as training or historical data to construct the initial causal graph,
which describes the normal system state. Once a trigger point
is detected, we update the causal graph iteratively for each new
batch of data. CORAL can inherit the causations from the previous
data batch. NOTEARS∗ and GOLEM∗ have to learn from scratch
for each new data batch. All causal discovery baseline models are
implemented using the gcastle library2.

4.1.4 Experimental Settings. All experiments are conducted on a
server running Ubuntu 18.04.5 with Intel(R) Xeon(R) Silver 4110
1Other baselines are not extended to the online setting as they are time-intensive when there are multiple data batches.
2https://github.com/huawei-noah/trustworthyAI/tree/master/gcastle.

2274



Incremental Causal Graph Learning for Online RCA KDD ’23, August 6–10, 2023, Long Beach, CA, USA

Table 1: Overall performance w.r.t. SWaT dataset.

PR@1 PR@3 PR@5 PR@7 PR@10 MAP@3 MAP@5 MAP@7 MAP@10 MRR
CORAL 6.25% 31.25% 55.21% 64.58% 92.71% 15.63% 29.79% 39.73% 53.96% 31.72%

NOTEARS 6.25% 7.29% 12.50% 39.58% 47.92% 7.64% 9.58% 16.96% 25.00% 22.36%
GOLEM 18.75% 7.29% 18.75% 54.17% 62.50% 11.81% 13.33% 22.02% 33.44% 30.42%
Dynotears 18.75% 25.00% 29.17% 41.67% 58.33% 23.96% 26.04% 29.17% 37.08% 33.99%

PC 12.50% 21.88% 36.46% 47.92% 53.13% 19.79% 26.04% 31.40% 37.40% 32.27%
C-LSTM 12.50% 27.08% 27.08% 39.58% 60.42% 19.44% 22.50% 26.49% 34.17% 32.86%

NOTEARS∗ 6.25% 29.17% 36.46% 55.21% 67.71% 14.93% 23.54% 32.59% 42.19% 26.30%
GOLEM∗ 6.25% 29.17% 42.71% 57.29% 68.75% 17.01% 26.04% 34.97% 43.65% 28.09%

Table 2: Overall performance w.r.t.WADI dataset.

PR@1 PR@3 PR@5 PR@7 PR@10 MAP@3 MAP@5 MAP@7 MAP@10 MRR
CORAL 35.71% 23.81% 60.00% 70.24% 83.33% 28.71% 36.05% 45.82% 56.00% 51.90%

NOTEARS 7.14% 23.81% 30.00% 35.71% 41.67% 17.46% 22.55% 26.14% 30.80% 30.12%
GOLEM 7.14% 10.71% 40.00% 51.19% 64.29% 9.52% 20.14% 28.33% 38.05% 25.89%
Dynotears 14.29% 29.76% 32.86% 42.86% 46.43% 20.63% 25.38% 29.35% 33.76% 34.28%

PC 14.29% 21.43% 35.71% 45.24% 57.14% 16.67% 24.29% 28.91% 35.71% 30.74%
C-LSTM 12.50% 21.43% 46.43% 52.38% 64.29% 17.86% 27.86% 34.69% 42.62% 33.28%

NOTEARS∗ 14.29% 20.24% 45.71% 66.67% 72.62% 18.65% 27.48% 38.67% 48.38% 37.74%
GOLEM∗ 21.43% 20.24% 60.00% 64.29% 73.81% 19.84% 30.33% 39.86% 48.98% 40.24%

Table 3: Overall performance w.r.t. AIOps dataset.

PR@1 PR@3 PR@5 PR@7 PR@10 MAP@3 MAP@5 MAP@7 MAP@10 MRR
CORAL 80.00% 100.0% 100.0% 100.0% 100.0% 93.33% 96.00% 97.14% 98.00% 90.00%

NOTEARS 0.00% 40.00% 80.00% 40.00% 60.00% 20.00% 28.00% 37.14% 44.00% 20.46%
GOLEM 20.00% 60.00% 60.00% 60.00% 60.00% 40.00% 40.00% 51.43% 54.00% 37.74%
Dynotears 40.00% 60.00% 60.00% 60.00% 60.00% 53.33% 56.00% 57.14% 58.00% 50.77%

PC 20.00% 20.00% 20.00% 40.00% 60.00% 20.00% 20.00% 22.86% 30.00% 25.36%
C-LSTM 0.00% 40.00% 60.00% 60.00% 60.00% 26.67% 36.00% 42.86% 48.00% 24.73%

NOTEARS∗ 40.00% 80.00% 80.00% 80.00% 80.00% 66.67% 72.00% 74.29% 76.00% 60.00%
GOLEM∗ 60.00% 80.00% 80.00% 80.00% 80.00% 73.33% 76.00% 77.14% 78.00% 70.00%
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Figure 4: Comparison of online RCA models on different batches in terms of ranking percentile.

CPU @ 2.10GHz, 4-way GeForce RTX 2080 Ti GPUs, and 192 GB
memory. In addition, all methods were implemented using Python
3.8.12 and PyTorch 1.7.1.

4.2 Performance Evaluation

4.2.1 Overall Performance. Table 1, Table 2, and Table 3 show the
overall performance of all models. The greater the value of evalu-
ation measures, the superior the model’s performance. There are
two key observations: First, the online methods (e.g., NOTEARS∗,
GOLEM∗, and CORAL) outperform the offline approaches (e.g.,
Dynotears, PC, and C-LSTM). The underlying driver is that online

methods can rapidly capture the changing patterns in the monitor-
ing metric data. So, they can learn an accurate and noise-free causal
structure for RCA. Second, compared to online methods, CORAL
still significantly outperforms NOTEARS∗ and GOLEM∗. The under-
lying reason is that the disentangled causal graph learning module
independently learns state-invariant and state-dependent causal
relations for incrementally updating the causal graph. Such a learn-
ing manner can learn more robust and accurate causal relations,
enhancing root localization performance. Thus, the experimental
results demonstrate the superiority and effectiveness of CORAL in
root cause localization over other baselines.
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Figure 5: Comparison of required data volume for different root cause analysis models.
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Figure 6: Study of the impact of network propagation for RCA.

4.2.2 Learning Procedure Analysis. Fig. 4 illustrates how the per-
formance of online RCA frameworks varies as the number of data
batches grows. As more data comes in, we can see that the ranking
percentiles of root causes identified by all online frameworks can
converge. This shows how well the online RCA works, since it can
gradually pick up on the changing patterns in monitoring metric
data. Another interesting observation is that CORAL can identify
the root causes earlier than NOTEARS∗, GOLEM∗. For instance,
in the AIOps 0901 case, CORAL can identify the root causes nine
batches earlier than the other two models. A possible reason is that
CORAL updates the new causal graph by disentangling the state-
invariant and state-dependent information instead of learning from
scratch. It may generate more robust and effective causal structures.
This experiment shows the validity of RCA’s online learning setup
and the utility of disentangled causal graph learning.

4.2.3 Required Data Volume Analysis. Fig. 5 shows the comparison
results of required data volumes for different RCA models. We find
that compared with offline models, the online RCA approaches can
significantly reduce the required data volume. In AIOps 0524, for
instance, NOTEARS∗ reduces data usage by at least 40% compared
to the offline models. A possible explanation is that the online RCA
setting may capture the system state dynamics in order to acquire
a good causal structure without being affected by an excessive
amount of redundant data. Moreover, we observe that CORAL
uses fewer data but achieves better results compared with other
baselines. A potential reason is that disentangled causal graph
learning may inherit causal information from the previous state,
resulting in reduced data consumption while preserving a robust
causal structure and good RCA performance. Thus, this experiment
shows that CORAL can reduce the computational costs of RCA.

4.2.4 Influence of Network Propagation. Here, we apply our net-
work propagation mechanism (see Section 3.3) to the causal struc-
tures learned by each causal discovery model to investigate its
impact on performance. For the control group, we eliminate the
propagation effect by directly selecting the system entities con-
nected to the systemKPI as root causes. Fig. 6 shows the comparison
results of all models on SWaT and WADI data in terms of MAP@10
and MRR. We can find that network propagation significantly en-
hances the RCA performance in all cases. A possible reason for
this observation is that in most cases, the malfunctioning effects
of root causes may propagate among system entities over time.
Network propagation can simulate such patterns in the learned
causal structure, resulting in a better RCA performance. Thus, this
experiment demonstrates that the network propagation module is
critical to the performance of an RCA model.

4.2.5 Time Cost Analysis. Fig. 7 shows the time cost comparison
of causal structure learning and network propagation of distinct
models using two fault cases of AIOps, denoted by 0524 and 0901,
respectively. We can observe that offline methods require more
time than online methods for network propagation. A potential
reason is that offline methods utilize a large amount of historical
data for learning causal relations, resulting in a more dense causal
network with noisy causal relations than online methods. Thus,
it requires more time for the network propagation module of of-
fline methods to converge. Another interesting observation is that
CORAL requires the least amount of time in causal structure learn-
ing compared with other baselines. The underlying driver is that
the incremental causal graph learning module in CORAL maintains
the state-invariant causal relations and updates the state-dependent
ones, hence accelerating the causal structure learning.
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Figure 7: Comparison of the time costs associated with causal

discovery and network propagation of distinct models.
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Figure 8: Comparison of trigger point detection with and w/o

metric data. Red dashed lines indicate the trigger points.

4.2.6 Trigger Point Detection Analysis. In our proposed trigger
point detection module (see Section 3.1), we use both system metric
data and KPI to identify the transition points between system states.
To evaluate its effect on performance, we use only the system KPI
data for determining the trigger points in the control group. Fig. 8
shows the comparison results on AIOps 0524 data by visualizing
its system KPI and associated trigger points (highlighted by red
dashed lines). We find that by integrating metric data into KPI, we
can detect system transition points more quickly and precisely. A
potential reason is that metric data may contain some early failure
symptoms or precursor patterns, which can not be captured in the
system key performance indicator.

5 RELATEDWORK

RootCauseAnalysis (RCA) focuses on identifying the root causes
of system failures/faults based on symptom observations [46]. Many
offline RCA approaches [12, 14, 19, 45, 49] have been proposed to
improve system robustness in various domains. In energy domains,
Capozzoli et al. utilized statistical techniques and DNNs to de-
termine the cause of abnormal energy consumption [9]. In web
development domains, Brandon et al. proposed a graph represen-
tation framework to identify root causes in microservice systems
by comparing anomalous circumstances and graphs [8]. Different
from existing offline studies, CORAL is an online RCA approach.
Causal Discovery in Time Series aims to discover causal struc-
tures using observational time series data [5]. Existing approaches
are four-fold: (i) Granger causality approaches [39, 50], in which
causality is assessed according to whether one time series is useful
for predicting another; (ii) Constraint-based approaches [43, 48],
in which causal skeleton is first identified using conditional in-
dependence test, and then the causal directions are determined

based on the Markov equivalence relations; (iii) Noise-based ap-
proaches [25, 42], in which causal relations among distinct variables
are depicted by the combinations between these variables and as-
sociated noises; (iv) Score-based approaches [7, 41, 52], in which
the validity of a candidate causal graph is evaluated using score
functions, and the graph with the highest score is the final output.
Existing studies assume that the causal graph underlying the time
series is constant and stable. However, real-world causal relation-
ships between different variables are dynamic and vary over time.
Our study proposes a novel incremental causal discovery model
based on disentangled graph learning.
Change Point Detection is to identify the state transitions in
time-series data. It can be categorized into offline detection and
online detection [3]. Offline change point detection takes the entire
historical time series as input and outputs all possible change points
at once. It has many applications including speech processing [44],
financial analysis [16], bio-informatics [35]. Online change point
detection examines new data once available in order to detect new
change points quickly. It can detect change points in real-time or
near real-time when time series are monitored. The method is fre-
quently used to detect the occurrence of major incidents/events
(e.g., system faults) in monitoring systems [6, 27]. To rapidly iden-
tify state transitions, we employ an online change point detection
method using multivariate singular spectrum analysis [2].
Disentangled Representation Learning aims to identify and
disentangle the underlying explanatory factors hidden in the obser-
vational data [53]. Disentangled representation Learning has been
widely used in a variety of domains, including computer vision [24],
time series analysis [10, 32], graph learning [30, 51, 54], and natural
language processing [22]. In particular, for graph learning, Guo et
al. [21] proposed an unsupervised disentangled approach to dis-
entangle node and edge features from attributed graphs. To learn
graph-level disentangled representations, Li et al. [30] presented
a method for learning disentangled graph representations with
self-supervision. Different from the previous works, we identify
and disentangle the state-invariant and state-dependent factors for
incremental causal graph learning.

6 CONCLUSION

In this paper, we studied a challenging problem of incremental
causal structure learning for online RCA. To tackle it, we first de-
signed an online trigger point detection module to detect system
state changes and trigger early RCA. To efficiently learn causation
among system entities, we proposed a novel incremental disentan-
gled causal graph learning approach to incrementally update the
causal graph. Based on the learned graph, we used a random walk
with restarts to model the network propagation of system faults. We
conducted comprehensive experiments on three real-world datasets
to evaluate the proposed framework. The experimental results vali-
date its effectiveness and the importance of each module in CORAL.
An interesting direction for further exploration would be incorpo-
rating other sources of data, such as system logs, with the time
series data for online root cause analysis in complex systems.
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